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SUMMARY 
The o b j e c t i v e of t h e r e s e a r c h d e s c r i b e d i n t h i s d i s s e r t a t i o n was 
t o i n v e s t i g a t e t h e r e l a t i o n be tween c o n t r o l l a b i l i t y and i n v a r i a n c e of 
s t a t e s and o u t p u t s of a s y s t e m , and t o a p p l y t h e c r i t e r i a of c o n t r o l l a ­
b i l i t y and i n v a r i a n c e t o t h e d e s i g n of s y s t e m s of g i v e n i n t e r a c t i o n 
s p e c i f i c a t i o n s . I n o r d e r n o t t o o b s c u r e by e x c e s s i v e d e t a i l t h e main 
c o u r s e of t h i s p r e s e n t a t i o n , t h e i n v e s t i g a t i o n was e s s e n t i a l l y l i m i t e d 
t o l i n e a r t i m e - i n v a r i a n t d y n a m i c a l s y s t e m s , b u t t h e e x t e n s i o n t o t i m e 
v a r i a n t s y s t e m s i s , a t l e a s t c o n c e p t u a l l y , a s t r a i g h t f o r w a r d p r o c e d u r e . 
The f e a s i b i l i t y of such an e x t e n s i o n h a s been i l l u s t r a t e d by an e x a m p l e . 
F u r t h e r m o r e , o n l y c o n t i n u o u s t i m e s y s t e m s were c o n s i d e r e d , b u t t h e t r a n s ­
i t i o n t o d i s c r e t e t i m e s y s t e m s i s even l e s s c o m p l i c a t e d . 
Roughly s p e a k i n g , t h e t e rm " c o n t r o l l a b i l i t y " means t h a t i t i s 
p o s s i b l e t o t r a n s f e r any i n i t i a l s t a t e of t h e s y s t e m t o any f i n a l s t a t e , 
o r change any i n i t i a l o u t p u t of t h e s y s t e m t o any d e s i r e d f i n a l o u t p u t 
i n some f i n i t e t i m e ( p r o p e r t i e s t o be r e f e r r e d t o a s s t a t e and o u t p u t 
c o n t r o l l a b i l i t y , r e s p e c t i v e l y ) . " O b s e r v a b i l i t y " means t h a t t h e i n i t i a l 
t h a t t h e i n i t i a l s t a t e of t h e s y s t e m can b e found from a s u i t a b l e m e a s ­
u remen t of t h e o u t p u t . S t a t e o r o u t p u t i n v a r i a n c e d e n o t e s e s s e n t i a l l y 
t h e p r o p e r t y of t h e s y s t e m t h a t c e r t a i n s t a t e s o r o u t p u t s a r e i n no way 
a f f e c t e d by some o r a l l of t h e i n p u t s . 
The r e l a t i o n be tween s t a t e c o n t r o l l a b i l i t y and o b s e r v a b i l i t y h a s 
been e s t a b l i s h e d by Kalman i n h i s we l l -known d u a l i t y t h e o r e m , b u t l i t t l e 
was done t o c l a r i f y t h e r e l a t i o n b e t w e e n c o n t r o l l a b i l i t y and i n v a r i a n c e 
a s w e l l a s b e t w e e n o b s e r v a b i l i t y and i n v a r i a n c e . I t i s shown i n t h i s 
v i 
work t h a t such r e l a t i o n s h i p s e x i s t , and t h e d e r i v a t i o n of t h e s e r e l a ­
t i o n s h i p s i s p r e s e n t e d as p a r t of t h e o v e r a l l r e s e a r c h r e s u l t s . 
The p r o p o s e d a p p r o a c h of a n a l y s i s and s y n t h e s i s of i n t e r a c t i n g 
s y s t e m s i s b a s e d on t h e c o n c e p t s of s e l e c t i v e c o n t r o l l a b i l i t y , s e l e c ­
t i v e o b s e r v a b i l i t y , and s e l e c t i v e i n v a r i a n c e . These c o n c e p t s a r e d e ­
f i n e d w i t h i n t h e framework of more g e n e r a l t y p e s of c o n t r o l l a b i l i t y , 
o b s e r v a b i l i t y , and i n v a r i a n c e . S i n c e c e r t a i n t y p e s of c o n t r o l l a b i l i t y , 
o b s e r v a b i l i t y , and i n v a r i a n c e imply a n d / o r a r e i m p l i e d by t h e o t h e r , 
s t r u c t u r e s of t h e s e i m p l i c a t i o n a l r e l a t i o n s h i p s we re d e v e l o p e d and d e s ­
c r i b e d . N e c e s s a r y and s u f f i c i e n t c r i t e r i a f o r e l e c t i v e c o n t r o l l a b i l i t y , 
o b s e r v a b i l i t y , and i n v a r i a n c e were d e r i v e d . For t h e r e s t , such c r i t e r i a 
were d e r i v e d o n l y i f t h e y were n o t r e a d i l y a v a i l a b l e i n s u b j e c t l i t e r a ­
t u r e . 
The major r e s u l t of t h e i n v e s t i g a t i o n i s t h e deve lopmen t of a 
me thodo logy f o r (1) a n a l y s i s of i n t e r a c t i n g d y n a m i c a l s y s t e m s and (2) d e ­
s i g n of d y n a m i c a l s y s t e m s w i t h s p e c i f i e d i n t e r a c t i o n or n o n - i n t e r a c t i o n 
c h a r a c t e r i s t i c s . A s e t of v a r i a b l e s ( i n p u t , o u t p u t , o r s t a t e ) of a d y ­
n a m i c a l s y s t e m i s d e f i n e d a s " n o n - i n t e r a c t i n g " i f and on ly i f each of 
t h e v a r i a b l e s i n t h e s e t i s s e l e c t i v e l y i n v a r i a n t w i t h r e s p e c t t o a l l 
o t h e r v a r i a b l e s i n t h e s e t . O t h e r w i s e i t i s i n t e r a c t i n g . A v a r i a b l e 
i s d e f i n e d a s s t r i c t l y i n t e r a c t i n g w i t h a n o t h e r v a r i a b l e o r a s e t of 
o t h e r v a r i a b l e s i f i t i s c o n t r o l l a b l e by t h e l a t t e r . The a n a l y s i s and 
d e s i g n method which h a s been d e v e l o p e d i s b a s e d on t h e s y s t e m a t i c a p p l i ­
c a t i o n of t h e c r i t e r i a of c o n t r o l l a b i l i t y and i n v a r i a n c e t o s u b s e t s of 
i n p u t , s t a t e , o r o u t p u t v a r i a b l e s , and t h e f l e x i b i l i t y and power of t h e 
p r o p o s e d a p p r o a c h i s d e m o n s t r a t e d by a number of e x a m p l e s . 
CHAPTER I 
INTRODUCTION AND PRECEDING DEVELOPMENTS 
1.1 C o n t r o l l a b i l i t y and O b s e r v a b i l i t y . The c o n c e p t s of c o n t r o l ­
l a b i l i t y and o b s e r v a b i l i t y p l a y a c e n t r a l r o l e i n modern c o n t r o l t h e o r y . 
They a p p e a r a s n e c e s s a r y and somet imes s u f f i c i e n t c o n d i t i o n s f o r t h e 
e x i s t e n c e of a s o l u t i o n t o most c o n t r o l p r o b l e m s . 
L e t us c o n s i d e r an o b j e c t w i t h s t a t e s x(t), whe re t i s t ime 
and x. i s an n - v e c t o r o r x. i s an e l e m e n t of f u n c t i o n a l s p a c e . The o b j e c t 
i s b e i n g a c t e d on by some c o n t r o l o r d i s t u r b a n c e u_ ( t ) , which can b e 
e i t h e r f o r c e a p p l i e d t o a dynamic s y s t e m , o r a s i g n a l which a l s o d e t e r ­
mines t h e f low of i n f o r m a t i o n a b o u t t h e o b j e c t , o r some o t h e r i n p u t . 
The s t a t e of t h e o b j e c t x(t) i s r e l a t e d t o t h e i n p u t u_(t) by t h e law 
of m o t i o n . For example , t h e law of m o t i o n m i g h t have t h e form of an 
o r d i n a r y d i f f e r e n t i a l e q u a t i o n x ( t ) = f ( x , u , t ) . F u r t h e r i t i s s t i p u ­
l a t e d t h a t i n f o r m a t i o n a b o u t t h e b e h a v i o r of t h e o b j e c t a c t e d on by u. ( t ) 
i s a v a i l a b l e i n t e rms of t h e ( v e c t o r ) f u n c t i o n y ( t ) , which i s r e f e r r e d 
t o a s t h e o u t p u t of t h e s y s t e m . 
C o n t r o l l a b i l i t y d e a l s e s s e n t i a l l y w i t h t h e p rob lem of t h e e x i s t e n c e 
of some a l l o w a b l e c o n t r o l u [ t o » t ^ ] which t r a n s f e r s t h e s y s t e m from 
t h e s t a t e q = 2£Q t o t n e s t a t e x / t f ) = 2Lf» o r changes t h e o u t p u t 
of t h e s y s t e m from £ ( t Q ) = t o ^(t^) = y ^ , w h e r e a s o b s e r v a b i l i t y 
d e a l s w i t h t h e i d e n t i f i c a t i o n of s t a t e s from o u t p u t m e a s u r e m e n t s . I n 
o t h e r w o r d s , a s y s t e m which i s n o t c o n t r o l l a b l e h a s dynamic modes of 
2 
b e h a v i o r which depend s o l e l y on i n i t i a l c o n d i t i o n s o r d i s t u r b a n c e i n p u t s . 
A s y s t e m which i s n o t o b s e r v a b l e h a s dynamic modes of b e h a v i o r which 
c a n n o t be a s c e r t a i n e d from measurement of t h e a v a i l a b l e o u t p u t s [ 9 8 ] . 
The p rob lem i s n o t on ly of t h e o r e t i c a l i n t e r e s t , b u t a l s o of 
g r e a t p r a c t i c a l i m p o r t a n c e . I n r e g u l a t o r and t r a c k i n g p r o b l e m s , i t i s 
e q u i v a l e n t t o t h e p rob lem of s e l e c t i n g i n i t i a l c o n d i t i o n s which would 
make i t p o s s i b l e t o r e a c h c e r t a i n d e s i r e d p o i n t x^ i n the s t a t e s p a c e 
or ^ i n t h e o u t p u t s p a c e . For g r e a t many o p t i m a l c o n t r o l p rob lems t h e 
s o l u t i o n , i f known a t a l l , i s v e r y d i f f i c u l t t o i m p l e m e n t . Thus , i n t h e 
t h e o r y of o p t i m a l p r o c e s s e s and i n i t s a p p l i c a t i o n s , t h e e x i s t e n c e of a 
c o n t r o l u [ t , t - ] which t r a n s f e r s t h e s y s t e m from t h e s t a t e x t o — o* f J —o 
t h e s t a t e X f i s a v e r y i m p o r t a n t c o n s i d e r a t i o n even i f one does n o t 
t a k e i n t o a c c o u n t t h e r e q u i r e m e n t s of o p t i m i z a t i o n a c c o r d i n g t o some 
c r i t e r i a . 
C e r t a i n p o s t u l a t e s b e a r i n g on t h e i d e a of c o n t r o l l a b i l i t y and t h e 
c l o s e l y r e l a t e d t h e o r y of o b s e r v a b i l i t y a p p e a r e d i n t h e work of P o n t r y a g i n 
[220] a b o u t 1956 a s a technical requirement in t h e s t u d y of t h e minimal-
t i m e c o n t r o l s y s t e m s . The c o n c e p t of c o n t r o l l a b i l i t y i s u sed a l s o i n a 
s i m i l a r c o n t e x t by La S a l l e [162]. I n a more g e n e r a l form t h i s c o n d i t i o n 
i s c o n t a i n e d i n a p a p e r of Chow [54] who s t u d i e d t h e d i f f e r e n t i a l -
g e o m e t r i c a n a l o g of c o n t r o l l a b i l i t y . F u r t h e r l e a d s i n t h i s d i r e c t i o n 
a p p e a r i n e a r l y works of Be l lman [25], G a m k r e l i d z e [ 9 3 ] , K u l i k o w s k i [155] 
and o t h e r a u t h o r s on t h e p rob lem of l i m i t i n g speed of r e s p o n s e i n o p t i ­
mal c o n t r o l . 
The r e l a t e d min ima l e n e r g y p rob lem h a s been c o n s i d e r e d by 
K u l i k o w s k i [154], Lee [165] and many o t h e r s . The f i r s t s o l u t i o n of t h i s 
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p rob lem ( i n t h e d i s c r e t e c a s e ) i n t e r m s of t h e s o - c a l l e d W m a t r i x was 
o b t a i n e d i n 1958 by B e r t r a m and S a r a c h i k [ 2 8 ] . The same t o o l was used 
a l s o by Ho [ 1 0 6 ] . 
I n t h e i r p r e s e n t f o r m u l a t i o n , t h e c o n c e p t s of c o n t r o l l a b i l i t y and 
o b s e r v a b i l i t y w e r e i n t r o d u c e d by Kalman [ 1 1 4 , 116] i n 1 9 5 9 . An e a r l y 
h i n t of t h i s c o n c e p t a p p e a r s i n c o n n e c t i o n w i t h t h e d i s c u s s i o n of " d e a d -
b e a t " sampled d a t a s y s t e m s i n 1957 [ 1 1 3 ] , b u t a t t h a t t i m e Kalman d i d n o t 
y e t r e a l i z e t h a t c o n t r o l l a b i l i t y p l a y s a f u n d a m e n t a l r o l e i n t h e s t u d y 
of c o n t r o l p rob lems of a l l t y p e s . 
The i m p o r t a n t theorem r e l a t i n g J o r d a n c a n o n i c a l form t o c o n t r o l ­
l a b i l i t y was n o t e d by many p e o p l e , b u t a r i g o r o u s p roof of t h a t t heo rem 
was f i r s t g i v e n by Kalman, Ho and N a r e n d r a [118] i n 1 9 6 1 . A l e s s a b ­
s t r a c t though l o n g e r p roo f was g i v e n by Ho [ 1 0 5 ] , a l s o N e l s o n [ 1 9 7 ] , 
The t h e o r y of c o n t r o l l a b i l i t y and o b s e r v a b i l i t y was d e v e l o p e d by 
Kalman d i r e c t l y on t h e b a s i s of f i n i t e - d i m e n s i o n a l l i n e a r a l g e b r a . I t 
can be a p p r o a c h e d a l s o v i a f u n c t i o n a l a n a l y s i s by i n t e r p r e t i n g t h e p r o b ­
lem of c o n t r o l and o b s e r v a t i o n f o r l i n e a r s y s t e m s a s a p rob lem of c o n ­
s t r u c t i n g l i n e a r o p e r a t o r s , a p r o c e d u r e w e l l known and e x t e n s i v e l y 
s t u d i e d i n t h i s b r a n c h of m a t h e m a t i c s . The p rob lem i s i d e n t i c a l w i t h 
what i s known i n f u n c t i o n a l a n a l y s i s a s t h e p rob lem of moments [ 5 , 6 , 7 3 ] . 
Th i s a p p r o a c h was d e v e l o p e d by K r a s o v s k i i [ 1 3 6 , 1 4 0 ] , F a t t o r i n i [ 8 2 , 83] 
and o t h e r s . 
A d i f f e r e n t a p p r o a c h t o t h e p rob lem of c o n t r o l l a b i l i t y , which i s 
of g e o m e t r i c a l , o r , r a t h e r , s e t - t h e o r e t i c a l n a t u r e , was t a k e n , by 
A n t o s i e w i c z [ 1 1 , 1 2 ] , C o n t i [ 6 1 , 62] and some o t h e r a u t h o r s . T h i s a p ­
p r o a c h h a s t h e a d v a n t a g e of b e i n g a p p l i c a b l e a l s o t o p r o b l e m s , such a s 
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a p p r o x i m a t e c o n t r o l l a b i l i t y , whose n a t u r e i s e s s e n t i a l l y n o n a l g e b r a i c . 
The c o n c e p t of a p p r o x i m a t e c o n t r o l l a b i l i t y i s somewhat more g e n e r a l t h a n 
t h e n o t i o n of s t r i c t c o n t r o l l a b i l i t y , which i t i n c l u d e s a s a s p e c i a l 
c a s e . The n e c e s s a r y and s u f f i c i e n t c o n d i t i o n s f o r a p p r o x i m a t e c o n t r o l ­
l a b i l i t y w e r e d e r i v e d by A n t o s i e w i c z [ 1 2 ] , who a l s o showed t h a t i f a 
sy s t em i s a p p r o x i m a t e l y c o n t r o l l a b l e , t h e n t h e r e i s a l e a s t t i m e i n t e r ­
v a l o v e r which a p p r o x i m a t e c o n t r o l can b e a c h i e v e d . 
Of g r e a t p r a c t i c a l i n t e r e s t a r e c o n t r o l l a b i l i t y p rob lems i n which 
c o n t r o l i n p u t s a r e c o n s t r a i n e d . N e c e s s a r y and s u f f i c i e n t c o n t r o l l a b i l i t y 
c o n d i t i o n s f o r such s y s t e m s were d e r i v e d by A n t o s i e w i c z [ 1 1 ] , a l s o 
Smith [ 2 6 1 ] . 
The c o n d i t i o n s f o r c o n t r o l l a b i l i t y of c o n t i n u o u s - t i m e s y s t e m s 
a r e , i n e s s e n c e , a n a l o g o u s t o t h e c o n d i t i o n s f o r c o n t r o l l a b i l i t y of d i s ­
c r e t e - t i m e s y s t e m s . I n f a c t , most of t h e r e s u l t s f o r t h e d i s c r e t e - t i m e 
c a s e can be o b t a i n e d from t h e c o n t i n u o u s - t i m e by r e p l a c i n g t h e c o n t i n u o u s 
t i m e v a r i a b l e t w i t h d i s c r e t e p o i n t s kT on t h e t - a x i s , and by r e ­
placing i n t e g r a l s w i t h summations. The re are few exceptions t o t h i s 
r u l e , and t h e s e were n o t e d by S a r a c h i k and K r e i n d l e r [ 2 4 3 ] . 
However, t h e r e i s one i m p o r t a n t p rob lem which a r i s e s i n d i s c r e t e -
t i m e s y s t e m s b u t n o t i n c o n t i n u o u s - t i m e s y s t e m s . As i t was p o i n t e d o u t 
by Kalman, Ho, and N a r e n d r a [ 1 1 8 ] , i n t r o d u c t i o n of s a m p l i n g i s a r e s t r i c ­
t i o n on t h e p o s s i b l e c o n t r o l s _ u ( t ) , so t h a t s a m p l i n g c a n n o t improve 
c o n t r o l l a b i l i t y . As t o t h e p o s s i b i l i t y t h a t s a m p l i n g m i g h t d e s t r o y c o n ­
t r o l l a b i l i t y , i t was known t h a t t h i s depends on t h e s a m p l i n g f r e q u e n c y 
1/T, w h e r e T i s some c o n s t a n t s a m p l i n g p e r i o d , and t h a t t h e l o s s of 
c o n t r o l l a b i l i t y can a lways b e a v o i d e d by c h o o s i n g t h e s a m p l i n g 
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f r e q u e n c i e s 1/T s u f f i c i e n t l y l a r g e . P h y s i c a l l y , t h i s means t h a t t h e 
p e r i o d i c i t y i n h e r e n t i n s a m p l i n g i s n o t a l l o w e d t o i n t e r a c t w i t h t h e 
n a t u r a l f r e q u e n c i e s of t h e s y s t e m t o b e c o n t r o l l e d [ 1 1 6 ] . 
I t i s r e v e a l i n g t o show a t t h i s p o i n t t h e r e l a t i o n of c o n t r o l l a ­
b i l i t y p r o b l e m s t o what i s t o d a y u s u a l l y c a l l e d a " d e a d - b e a t " s y s t e m . 
In a d i s c u s s i o n of a now w e l l - k n o w n p a p e r by Bergen and R a g a z z i n i [ 2 7 ] , 
i t was p o i n t e d o u t i n 1954 t h a t i t i s p o s s i b l e t o d e s i g n a s a m p l e d - d a t a 
c o n t r o l l e r f o r any s i n g l e i n p u t - s i n g l e o u t p u t l i n e a r s t a t i o n a r y p l a n t i n 
such a way t h a t t h e e r r o r i n r e s p o n s e t o a s t e p i n p u t i s i d e n t i c a l l y 
z e r o a f t e r a f i n i t e l e n g t h of t i m e . Kalman h a s shown i n t h i s c o n t e x t 
t h a t a s y s t e m i s c o m p l e t e l y c o n t r o l l a b l e i f and on ly i f t h e r e e x i s t s a 
s a m p l e d - d a t a c o n t r o l l e r which h a s " d e a d - b e a t " r e s p o n s e [ 1 1 6 ] . 
S a r a c h i k and K r e i n d l e r [243] c o n s i d e r e d l i n e a r d i s c r e t e - t i m e 
s y s t e m s which a r e more g e n e r a l t h a n t h o s e i n v e s t i g a t e d by Kalman, and 
r e f i n e d t h e methods of d e f i n i n g c o n t r o l l a b i l i t y f o r s y s t e m s w i t h d i r e c t 
t r a n s m i s s i o n from i n p u t t o o u t p u t , sy s t ems w i t h s i n g u l a r t r a n s i t i o n ma­
t r i x ( i . e . t h o s e n o t n e c e s s a r i l y o b t a i n e d from s a m p l i n g d i f f e r e n t i a l 
e q u a t i o n s ) , and s y s t e m s w i t h d e l a y s . 
C o n t r o l l a b i l i t y as d e f i n e d i n t e r m s of t h e s t a t e i s n e i t h e r 
n e c e s s a r y no r s u f f i c i e n t c o n d i t i o n i n c e r t a i n t y p e s of p rob l ems of c o n ­
t r o l l i n g t h e o u t p u t s of t h e s y s t e m . Th i s l e d t o t h e d e f i n i t i o n of t h e 
c o n c e p t of c o n t r o l l a b i l i t y i n t e rms of t h e o u t p u t s [ 2 4 2 , 2 8 , 1 4 2 ] . E s ­
s e n t i a l l y , o u t p u t c o n t r o l l a b i l i t y i m p l i e s t h a t any f i n a l o u t p u t of t h e 
sys t em can be a t t a i n e d s t a r t i n g w i t h some i n i t i a l c o n d i t i o n s . I t i s 
c l o s e l y r e l a t e d t o what i s c a l l e d p o i n t - w i s e r e p r o d u c i b i l i t y by B r o c k e t t 
and M e s a r o v i c [ 3 8 ] . I n t h e i r t e r m i n o l o g y , r e p r o d u c i b i l i t y r e f e r s t o t h e 
a b i l i t y of a s y s t e m t o a c h i e v e , w i t h i t s o u t p u t s , s o m e t h i n g which i s 
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d e s i r e d of i t . For e x a m p l e , f u n c t i o n a l r e p r o d u c i b i l i t y r e f e r s t o t h e 
c a p a b i l i t i e s of a sys t em w i t h r e s p e c t t o t h e g e n e r a t i o n of s p e c i f i e d 
t i m e f u n c t i o n s ; a s y m p t o t i c r e p r o d u c i b i l i t y r e f e r s t o t h e p o s s i b i l i t y of 
a p p r o a c h i n g a d e s i r e d b e h a v i o r w i t h i n c r e a s i n g t i m e ; p o i n t - w i s e r e p r o ­
d u c i b i l i t y r e f e r s t o t h e p o s s i b i l i t y of a c h i e v i n g a d e s i r e d v a l u e of t h e 
o u t p u t s a t some p o i n t i n t i m e . A l t h o u g h c e r t a i n of t h e r e q u i r e m e n t s which 
a r e p l a c e d on t h e o u t p u t s t o a c h i e v e r e p r o d u c i b i l i t y a r e s i m i l a r t o t h o s e 
f r e q u e n t l y imposed on t h e s t a t e t o e n s u r e c o n t r o l l a b i l i t y , o t h e r s a r e 
d i f f e r e n t a s , f o r e x a m p l e , i n t h e c a s e of f u n c t i o n a l r e p r o d u c i b i l i t y . 
A c t u a l l y t h e a p p r o a c h t a k e n by B r o c k e t t and M e s a r o v i c i s an o u t g r o w t h of 
t h e g e n e r a l s t u d i e s on i n t e r a c t i o n i n m u l t i v a r i a b l e s y s t e m s [187 , 1 8 8 ] . 
Systems which a r e n o t r e p r o d u c i b l e c o r r e s p o n d t o t h o s e which have been 
r e f e r r e d t o a s h a v i n g u n i t - i n t e r a c t i o n [ 1 8 9 ] . 
A n a t u r a l e x t e n s i o n of c o n t r o l l a b i l i t y t h e o r y of l i n e a r s y s t e m s 
t o t h a t of n o n l i n e a r s y s t e m s i s v i a l i n e a r a p p r o x i m a t i o n s of n o n l i n e a r 
s y s t e m s . The r e l a t i o n be tween c o n t r o l l a b i l i t y of n o n l i n e a r s y s t e m s and 
c o n t r o l l a b i l i t y of l i n e a r a p p r o x i m a t i o n s of t h e s e s y s t e m s was i n v e s t i ­
g a t e d by s e v e r a l a u t h o r s i n c l u d i n g Kalman [ 1 1 9 ] , and A l ' b r e k h t and 
K r a s o v s k i i [ 7 ] . 
F u r t h e r c o n t r i b u t i o n s t o t h e c o n t r o l l a b i l i t y t h e o r y of n o n l i n e a r 
s y s t e m s we re made by K r a s o v s k i i [ 1 3 7 ] , Lee and Markus [ 1 6 6 ] , R a k o v s h c h i k 
[ 2 2 4 ] , Rosen [229] and o t h e r s . Hermes [103] i n v e s t i g a t e d t h e r e l a t i o n 
be tween c o n t r o l l a b i l i t y and s i n g u l a r p r o b l e m s , w i t h c o n t r o l a p p e a r i n g 
l i n e a r l y . However, f o r t h e g e n e r a l c a s e of n o n l i n e a r s y s t e m s , t h i s p r o b ­
lem h a s n o t been c a r e f u l l y e x p l o r e d . 
S e r i o u s d i f f i c u l t i e s o c c u r i f e q u a t i o n s of m o t i o n a r e s t o c h a s t i c 
7 
r a t h e r t h a n d e t e r m i n i s t i c . Fundamenta l q u e s t i o n s of s t o c h a s t i c c o n t r o l ­
l a b i l i t y we re t a k e n up o n l y r e c e n t l y by Aoki [ 1 3 ] , Kushner [ 1 5 4 ] , Conners 
[ 6 0 ] , and o t h e r s , a l t h o u g h f i r s t a t t e m p t s t o a t t a c k t h i s p rob l em a r e due 
t o Kalman [120] a s w e l l . I n e s s e n c e , t h e m o t i v a t i o n i s a n a l o g o u s w i t h 
t h e d e t e r m i n i s t i c c a s e : i f an i n i t i a l s t a t e of a g i v e n random d y n a m i c a l 
p r o c e s s can be t r a n s f e r r e d ( i n a s t o c h a s t i c s e n s e ) t o any d e s i r e d s t a t e 
i n a f i n i t e l e n g t h of t i m e by some c o n t r o l a c t i o n , t h e n t h i s i n i t i a l s t a t e 
i s s t o c h a s t i c a l l y c o n t r o l l a b l e . The e s s e n t i a l d i f f e r e n c e i n t h e t r e a t m e n t 
of t h e p rob lem i s t h a t , i n t h e s t o c h a s t i c c a s e , t h e q u e s t i o n of c o n t r o l l a ­
b i l i t y c a n n o t b e r e s o l v e d s o l e l y by an a n a l y s i s of t h e a l g e b r a i c a s p e c t s 
of t h e p r o b l e m , b u t t h a t p r e d o m i n a n t c o n s i d e r a t i o n i s t o b e g i v e n t o t h e 
p r o b a b i l i s t i c a s p e c t s . 
Most r e s u l t s r e g a r d i n g o b s e r v a b i 1 i t y of a s y s t e m a r e d i r e c t l y o b ­
t a i n a b l e from s t a t e c o n t r o l l a b i l i t y due t o t h e d u a l i t y r e l a t i o n ( i n an a b ­
s t r a c t a l g e b r a i c s e n s e ) f o r m u l a t e d by Kalman [ 1 1 4 ] . I n e s s e n c e , t h e 
d u a l i t y p r i n c i p l e s a y s t h a t a s y s t e m i s c o m p l e t e l y o b s e r v a b l e i f and o n l y 
i f t h e a d j o i n t p l a n t i s c o m p l e t e l y s t a t e c o n t r o l l a b l e . I t s i n t e r p r e t a ­
t i o n i n t e rms of f u n c t i o n a l a n a l y s i s was f i r s t g i v e n by K r a s o v s k i i [ 1 4 0 ] . 
He showed t h a t f u n c t i o n a l a n a l y t i c s t a t e m e n t of c o n t r o l l a b i l i t y i s a 
more p o w e r f u l one b e c a u s e many f a c t s of t h e t h e o r y of o p t i m a l p r o c e s s e s 
f o l l o w d i r e c t l y from i t . Thus t h e f u n c t i o n a l a n a l y t i c f o r m u l a t i o n a c ­
t u a l l y c o n t a i n s t h e t h e o r y of l i m i t i n g s p e e d of r e s p o n s e i n l i n e a r s y s ­
t e m s , t h e theorem abou t t h e e x i s t e n c e of a d m i s s i b l e c o n t r o l s and t h e 
theorem a b o u t t h e e x i s t e n c e of a min ima l c o n t r o l i n t h e s e t of a d m i s s i b l e 
c o n t r o l s . 
T h e r e i s no m e a n i n g f u l d u a l of t h e c o n c e p t of o u t p u t 
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c o n t r o l l a b i l i t y , b u t K r e i n d l e r and S a r a c h i k [142] p r o p o s e d o u t p u t -
p r e d i c t a b i l i t y as a m e a n i n g f u l c o u n t e r p a r t . An u n f o r c e d s y s t e m i s c a l l e d 
" o u t p u t p r e d i c t a b l e " on some t ime i n t e r v a l t t 0 » t f ] i f t n e o u t p u t _y ( t ) 
due t o some i n i t i a l s t a t e x ( t ) can be d e t e r m i n e d f o r a l l t > t_ from 
— o f 
t h e knowledge of y_(t) on [ t Q , t ^ ] . Complete o b s e r v a b i l i t y on t h e i n ­
t e r v a l [ t Q , t ^ ] i s s u f f i c i e n t f o r o u t p u t - p r e d i c t a b i l i t y on [ t Q , t ^ ] , 
b u t i t i s n o t n e c e s s a r y , and s i n c e many c o n t r o l p rob lems can be formu­
l a t e d i n terras of t h e o u t p u t y ( t ) r a t h e r t h a n s t a t e x ( t ) , o u t p u t c o n ­
t r o l l a b i l i t y i s l e s s r e s t r i c t i v e r e q u i r e m e n t i n s o l v i n g such p r o b l e m s . 
The re i s a c l o s e r e l a t i o n be tween t h e c o n c e p t s of c o n t r o l l a b i l i t y 
and o b s e r v a b i l i t y on one h a n d , and t h e r e a l i z a t i o n of a s y s t e m on t h e 
o t h e r . A s y s t e m which can be i d e n t i f i e d as h a v i n g g e n e r a t e d a g i v e n 
( e x p e r i m e n t a l l y o b s e r v e d ) i m p u l s e r e s p o n s e m a t r i x , i s s a i d t o b e t h e 
r e a l i z a t i o n of t h a t i m p u l s e r e s p o n s e . I t i s an i r r e d u c i b l e r e a l i z a t i o n 
i f t h e d i m e n s i o n of i t s s t a t e s p a c e i s m i n i m a l . The main f a c t s r e l a t i n g 
r e a l i z a t i o n t o c o n t r o l l a b i l i t y a r e : 
( i ) The impulse-response matrix of a linear d y n a m i c a l system 
depends s o l e l y on c o m p l e t e l y c o n t r o l l a b l e and c o m p l e t e l y o b s e r v a b l e p a r t 
of t h e s y s t e m ; 
( i i ) Any two c o m p l e t e l y c o n t r o l l a b l e and c o m p l e t e l y o b s e r v a b l e 
r e a l i z a t i o n s of a l i n e a r d y n a m i c a l s y s t e m a r e a l g e b r a i c a l l y e q u i v a l e n t . 
( i i i ) A r e a l i z a t i o n of a l i n e a r d y n a m i c a l s y s t e m i s i r r e d u c i b l e 
i f and o n l y i f a t a l l t i m e s i t c o n s i s t s of c o m p l e t e l y c o n t r o l l a b l e and 
c o m p l e t e l y o b s e r v a b l e p a r t of t h e s y s t e m a l o n e ; t h u s e v e r y i r r e d u c i b l e 
r e a l i z a t i o n of a s y s t e m i s c o m p l e t e l y c o n t r o l l a b l e and c o m p l e t e l y o b ­
s e r v a b l e [122] . 
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Hence , i t f o l l o w s t h a t t h e knowledge of t h e i m p u l s e - r e s p o n s e ma­
t r i x i d e n t i f i e s t h e c o m p l e t e l y c o n t r o l l a b l e and c o m p l e t e l y o b s e r v a b l e 
p a r t , and t h i s p a r t a l o n e , of t h e d y n a m i c a l s y s t e m which g e n e r a t e d i t . 
T h i s p a r t i s i t s e l f a d y n a m i c a l sy s t em and h a s t h e s m a l l e s t d i m e n s i o n 
among a l l r e a l i z a t i o n s of t h e s y s t e m . Moreove r , t h i s p a r t i s i d e n t i f i e d 
u n i q u e l y up t o a l g e b r a i c e q u i v a l e n c e . 
These r e s u l t s g r e a t l y a f f e c t t h e t r a d i t i o n a l a p p r o a c h t o t h e a n a l y ­
s i s and s y n t h e s i s of m u l t i v a r i a b l e s y s t e m s b a s e d on t r a n s f e r f u n c t i o n ma­
t r i x r a t h e r t h a n t h e d i f f e r e n t i a l e q u a t i o n s . From t h e above s t a t e m e n t s 
on r e a l i z a t i o n b a s e d on i n v e s t i g a t i o n s by Kalman, G i l b e r t and o t h e r s one 
can c o n c l u d e t h a t a t r a n s f e r f u n c t i o n m a t r i x r e p r e s e n t s t h e c o n t r o l l a b l e 
and o b s e r v a b l e p a r t of t h e s y s t e m o n l y . F u r t h e r m o r e , i t can be shown 
t h a t c o n t r o l l a b i l i t y and o b s e r v a b i l i t y of s u b s y s t e m s does n o t a s s u r e t h e 
c o n t r o l l a b i l i t y and o b s e r v a b i l i t y of a c o m p o s i t e s y s t e m . Thus , t r a n s f e r 
f u n c t i o n m a t r i c e s may s a t i s f a c t o r i l y r e p r e s e n t a l l t h e dynamic modes of 
t h e s u b s y s t e m s b u t f a i l t o r e p r e s e n t a l l t h o s e of t h e c o m p o s i t e s y s t e m . 
The l o s s of h i d d e n r e s p o n s e modes i s n o t e a s y t o d e t e c t b e c a u s e of t h e 
c o m p l e x i t y of t h e t r a n s f e r f u n c t i o n m a t r i c e s and m a t r i x a l g e b r a . As 
G i l b e r t s t a t e d , " d i f f e r e n t i a l e q u a t i o n s a r i s e n a t u r a l l y i n r e l a t i n g t h e 
p h y s i c a l p r o p e r t i e s of a sy s t em t o i t s r e s p o n s e c h a r a c t e r i s t i c s , and any 
m a t h e m a t i c a l p r o c e d u r e which n e g l e c t s i n f o r m a t i o n c o n t a i n e d i n t h e s e e q u a ­
t i o n s s h o u l d b e viewed s c e p t i c a l l y " [ 9 8 ] . 
Kalman a l s o i n d i c a t e d t h a t t h e r e i s a p a r a l l e l i s m be tween t h e 
d e f i n i t i o n of r e a l i z a t i o n and t h e theorem of E . F . Moore on i n d i s t i n g u i s h ­
a b l e m a c h i n e s i n t h e t h e o r y of f i n i t e a u t o m a t a [ 1 2 2 ] . Th i s theorem s a y s 
t h a t t h e c l a s s of a l l mach ines which a r e i n d i s t i n g u i s h a b l e from a g i v e n 
s t r o n g l y c o n n e c t e d mach ine S by any s i n g l e e x p e r i m e n t h a s a u n i q u e (up 
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t o i somorph i sm) member w i t h a m i n i m a l number of s t a t e s . T h i s u n i q u e ma­
c h i n e , c a l l e d t h e r e d u c e d form of S, i s s t r o n g l y c o n n e c t e d and h a s t h e 
p r o p e r t y t h a t any two of i t s s t a t e s a r e d i s t i n g u i s h a b l e . 
I t i s ea sy t o s e e t h a t " i n d i s t i n g u i s h a b l e m a c h i n e s " i n M o o r e ' s 
t e r m i n o l o g y c o r r e s p o n d t o Ka lman ' s a l t e r n a t e r e a l i z a t i o n s of t h e same 
i n p u t - o u t p u t r e l a t i o n . " S t r o n g l y c o n n e c t e d " i n M o o r e ' s t e r m i n o l o g y means 
c o m p l e t e l y c o n t r o l l a b l e i n K a l m a n ' s . " I n d i s t i n g u i s h a b l e s t a t e s " i n 
K a l m a n ' s t e r m i n o l o g y c o r r e s p o n d s t o s t a t e s whose d i f f e r e n c e , n o t z e r o , 
i s an o b s e r v a b l e s t a t e . 
1.2 I n v a r i a n c e . I t w i l l b e shown i n t h i s p a p e r t h a t t h e c o n c e p t 
of c o n t r o l l a b i l i t y i s c l o s e l y r e l a t e d t o t h e c o n c e p t of i n v a r i a n c e . The 
p rob lem of t h e i n v a r i a n c e i n t h e t h e o r y of a u t o m a t i c c o n t r o l s y s t e m r e ­
d u c e s i t s e l f b a s i c a l l y t o d e f i n i n g c o n d i t i o n s unde r wh ich d i s t u r b a n c e s 
do n o t a f f e c t c o n t r o l l e d v a r i a b l e s . A l t h o u g h , as Minorsky [191] o b s e r v e d , 
t h e o r i g i n of t h i s i d e a i s n o t new, t h e i n t e r e s t i n g p a r t of i t l i e s i n 
t h e a t t e m p t s t o r e a c h a more g e n e r a l v i e w p o i n t on t h e who le s u b j e c t . 
To i l l u s t r a t e t h e c o n c e p t of i n v a r i a n c e , c o n s i d e r a c e r t a i n d y ­
n a m i c a l s y s t e m ( e l e c t r i c a l , m e c h a n i c a l , economic or some o t h e r ) c o n s i s t i n g 
of a number of s u b s y s t e m s or e l e m e n t s i n t e r c o n n e c t e d i n some way. I t i s 
c l e a r t h a t s u c h a s y s t e m w i t h , s a y , n d e g r e e s of f reedom, when a c t e d on 
by some e x c i t a t i o n f o r c e u_( t ) , w i l l s t a r t o s c i l l a t i n g , g e n e r a l l y i n a 
c o m p l i c a t e d manner , s i n c e t h e a c t i o n of _u(t) a p p l i e d t o one p o i n t of 
t h e s y s t e m w i l l be t r a n s m i t t e d t o a l l o t h e r p a r t s t h r o u g h i t s v a r i o u s 
c o u p l i n g s . Suppose now we i s o l a t e as an a b s t r a c t i o n a c e r t a i n p a r t of t h e 
s y s t e m and i n q u i r e what c o n d i t i o n s s h o u l d be imposed on t h e p a r a m e t e r s of 
t h e s y s t e m s o a s t o r e n d e r t h i s p a r t immune a g a i n s t m o t i o n s go ing on i n 
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o t h e r p a r t s of t h e s y s t e m u n d e r t h e i n f l u e n c e of t h e a p p l i e d f o r c e u_(t) . 
I t i s i m m a t e r i a l i n t h i s c o n t e x t w h e t h e r t h i s f o r c e i s some c o n t r o l a c t i o n 
or some d i s t u r b a n c e . I f t h e i s o l a t e d p a r t of t h e sys t em i s c o n n e c t e d t o 
t h e r e s t of t h e s y s t e m , s a y , by c o n n e c t i o n s A and B, n e c e s s a r y and s u f f i ­
c i e n t c o n d i t i o n s f o r t h a t p a r t t o r ema in u n a f f e c t e d by p r o c e s s e s g o i n g 
on i n o t h e r p a r t s of t h e sys t em i s t h a t A and B were t h e nodes of t h e 
d i s t r i b u t i o n of o s c i l l a t i o n s t h r o u g h o u t t h e whole s y s t e m . 
C l e a r l y , i f t h e s e nodes e x i s t a t t h e p o i n t s A and B, t h e p o r t i o n 
of t h e s y s t e m be tween A and B w i l l n o t b e a c t e d on by any " e x t e r n a l " 
f o r c e s and , from t h i s p o i n t of v i e w , w i l l behave e x a c t l y i n t h e same man­
n e r a s i f c o n n e c t i o n s A and B were a l t o g e t h e r removed . 
Such a p r o p e r t y of t h e s u b s y s t e m s a s d i s c u s s e d i n t h e above exam­
p l e i s r e f e r r e d t o as i t s i n v a r i a n c e [ 1 9 1 ] . 
Most of t h e work on i n v a r i a n c e p rob lems and e x c i t a t i o n c o n t r o l h a s 
been done i n t h e S o v i e t Union . Th i s a c t i v i t y r ema ined p r a c t i c a l l y u n ­
n o t i c e d i n t h e U n i t e d S t a t e s , even though i n v a r i a n c e t h e o r y h a s many 
p o i n t s of c o n t a c t w i t h r e s e a r c h which h a s been done h e r e u n d e r t h e name 
of s e n s i t i v i t y a n a l y s i s of c o n t r o l s y s t e m s , f e e d f o r w a r d c o n t r o l , e t c . 
The f i r s t s i g n i f i c a n t a c h i e v e m e n t i n t h e i n v a r i a n c e t h e o r y i n t h e 
S o v i e t Union i s c r e d i t e d t o t h e work of Shch ipanov i n 1938 [250] . Th i s 
work r e s u l t e d from an a t t e m p t t o d e v e l o p an " i d e a l r e g u l a t o r " i n which 
e r r o r would be r e d u c e d t o z e r o . A l t h o u g h h i s o r i g i n a l work c o n t a i n e d 
some e r r o r s and m i s f o r m u l a t i o n s , t h e i d e a of c o m p e n s a t i o n f o r e x t e r n a l 
e f f e c t s a s t h e o p e r a t i n g p r i n c i p l e of c e r t a i n a u t o m a t i c c o n t r o l d e v i c e s 
p roved v e r y f r u i t f u l . The t e rm " i n v a r i a n c e " as a p p l i e d t o t h i s s e t of 
p r o b l e m s was f i r s t i n t r o d u c e d by L u z i n [ 1 7 3 ] , who was a l s o t h e one t o 
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d e v e l o p p r e c i s e m a t h e m a t i c a l f o r m u l a t i o n and t h e o r y . I t was p a r t of h i s 
more e x t e n s i v e s t u d y of t h e m a t r i x t h e o r y of d i f f e r e n t i a l e q u a t i o n s . He 
a l s o s t u d i e d t h e c a s e when t h e d i s t u r b a n c e e f f e c t s can be made a r b i t r a r y 
s m a l l i n s y s t e m s where a b s o l u t e i n v a r i a n c e c a n n o t b e i m p l e m e n t e d . T h i s 
i s r e f e r r e d t o i n t h e l i t e r a t u r e as e - i n v a r i a n c e [ 1 7 4 , 1 7 5 , 1 7 6 ] . I n 
t h e y e a r s 1945-1955 s i g n i f i c a n t c o n t r i b u t i o n s t o t h e b a s i c r e s e a r c h i n 
t h i s a r e a w e r e made by K u l e b a k i n [ 1 4 8 , 1 4 9 , 1 5 0 , 1 5 1 , 1 5 3 ] , who c o n c e n ­
t r a t e d h i s a t t e n t i o n on t h e f e a s i b i l i t y of a p p l i c a t i o n of i n v a r i a n c e 
t h e o r y t o r e a l l i f e s y s t e m s and on t h e deve lopmen t of i n v a r i a n t s y s t e m s 
u s i n g b o t h f e e d b a c k and e x c i t a t i o n c o n t r o l p r i n c i p l e s . The t h e o r y was 
f u r t h e r d e v e l o p e d by P e t r o v [ 2 1 1 , 2 1 2 , 2 1 3 , 2 1 4 ] , and t h e s o - c a l l e d Kiev 
g roup which i n c l u d e s I v a k h n e n k o [ 1 1 1 ] , Kukhtenko [143 -147] and o t h e r s . 
Ulanov p roved t h e i m p o r t a n t theorem which s a y s t h a t c o n d i t i o n s f o r m i n i ­
m i z i n g c o n t r o l e r r o r a r e i n many c a s e s i d e n t i c a l w i t h i n v a r i a n c e c o n d i ­
t i o n s [ 2 7 3 , 2 7 4 ] . Tak ing a somewhat d i f f e r e n t a p p r o a c h t h e n t h e m a t r i x 
method i n t r o d u c e d by L u z i n , Rozonoer [ 2 3 2 , 233] p r o v e d t h a t i n v a r i a n c e 
can be c o n s i d e r e d e s s e n t i a l l y a v a r i a t i o n a l p rob lem a n d , u s i n g v a r i a t i o n a l 
a p p r o a c h , d e r i v e d n e c e s s a r y and s u f f i c i e n t c o n d i t i o n s of i n v a r i a n c e f o r 
b o t h l i n e a r and c e r t a i n t y p e s of n o n l i n e a r d y n a m i c a l s y s t e m s . 
The p r e s e n t s t a t e - o f - t h e - a r t i n i n v a r i a n c e t h e o r y can b e summed 
up b r i e f l y as f o l l o w s : 
( a ) T h e o r e t i c a l f o u n d a t i o n s of i n v a r i a n t s y s t e m s have been e s ­
s e n t i a l l y d e v e l o p e d ; 
(b) C r i t e r i a have been found f o r t h e p h y s i c a l r e a l i z a b i l i t y of 
t h e i n v a r i a n c e p r i n c i p l e ; 
( c ) V a r i o u s forms of i n v a r i a n c e h a v e been i n v e s t i g a t e d and 
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p h y s i c a l l y implemen ted ; 
(d) R e l a t i o n s be tween t h e c o n d i t i o n s of i n v a r i a n c e and t h e c o n ­
d i t i o n s of au tonomy, o p t i m a l c o n t r o l , s e l f - a d a p t i v e s y s t e m s , e t c . have 
been s t u d i e d ; 
( e ) Methods of e x t e n d i n g t h e i n v a r i a n c e p r i n c i p l e t o n o n l i n e a r 
s y s t e m s have been d i s c o v e r e d ; 
( f ) I t h a s b e e n shown t h a t t h e o r y of i n v a r i a n c e i s f u n d a m e n t a l 
i n d e v e l o p i n g t h e t h e o r y of a c c u r a c y and p e r f o r m a n c e s e n s i t i v i t y of d y ­
namic s y s t e m s ; 
(g) Many r e a l l i f e a p p l i c a t i o n s of i n v a r i a n c e t h e o r y have been 
s u c c e s s f u l l y implemented i n t h e d e s i g n of c o n t r o l s y s t e m s [ 1 6 , 1 7 , 2 6 ] . 
1.3 I n t e r a c t i o n . The major r e s u l t of t h i s t h e s i s i s t h e demon­
s t r a t i o n of how c o n t r o l l a b i l i t y , o b s e r v a b i l i t y , and i n v a r i a n c e c r i t e r i a 
can b e a p p l i e d i n t h e a n a l y s i s of i n t e r a c t i o n i n s y s t e m s a s w e l l a s i n 
t h e d e s i g n of s y s t e m s w i t h d e s i r e d i n t e r a c t i o n ( i . e . , n o n - i n t e r a c t i o n ) 
c h a r a c t e r i s t i c s . 
I n t e r a c t i o n i s a p rob lem of theoretical and practical i n t e r e s t i n 
m u l t i v a r i a b l e s y s t e m s i n g e n e r a l and m u l t i v a r i a b l e c o n t r o l s y s t e m s i n 
p a r t i c u l a r . A l though t h e t h e o r y of m u l t i v a r i a b l e c o n t r o l h a s made some 
a d v a n c e s i n r e c e n t y e a r s , i t i s s t i l l l a g g i n g b e h i n d t h e d e v e l o p m e n t of 
t h e t h e o r y of u n i v a r i a b l e c o n t r o l , i . e . , c o n t r o l p r o c e s s e s i n which t h e r e 
i s on ly one i n p u t t o and one o u t p u t from t h e s y s t e m . In t h e c a s e of a 
m u l t i v a r i a b l e s y s t e m , i . e . , a sy s t em w i t h s e v e r a l i n p u t s and o u t p u t s , 
t h e c l a s s i c a l d e s i g n p r o c e d u r e i s t o s e l e c t i n p u t - o u t p u t p a i r s and t o 
d e s i g n c o n v e n t i o n a l s i n g l e v a r i a b l e s y s t e m s n e g l e c t i n g t h e i n t e r a c t i o n 
or c o u p l i n g s which m i g h t e x i s t among them. However, i t was r e a l i z e d 
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during the last two decades that consideration of system interactions 
leads to the design of higher performance control systems, i.e., systems 
with shorter response times and higher flexibility. The major thrust 
was made towards the design of so-called noninteracting controls, in 
which input-output pairs do not at all affect other input-output pairs, 
so that each output depends only on one pre-selected input and is inde­
pendent of all other inputs. 
In the literature concerned with the control of multivariable 
systems, the synthesis of noninteracting controllers has probably re­
ceived more attention than any other aspect of this complex and fre­
quently encountered design problem [209, 32, 46, 78, 193]. Even though 
it is true that noninteracting control, by breaking a complex dynamic 
system down into several isolated and simple systems, considerably sim­
plifies the optimization procedures of complex structures, the limita­
tions of this approach are also obvious. First of all, it is applicable 
only to systems with the same number of inputs and outputs. This severely 
restricts the class of systems to be considered. But more important than 
that, for most of the performance criteria and the constraints that are 
usually selected, a noninteracting system is generally not quite as good 
as an optimum interacting system [209]. 
A more fundamental approach to the interaction problems was re­
cently taken by Mesarovic [187, 188], Narendra [195] and others. It was 
shown that noninteracting controls are only one aspect of interaction 
problems, which is termed input or cross-transfer interaction, and is 
roughly defined as the extent to which all inputs affect all outputs. 
Thus complete input noninteraction is the conversion of an n-input, 
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n - o u t p u t m u l t i v a r i a b l e s y s t e m i n t o n s i n g l e - v a r i a b l e i n p u t s , i n w h i c h e a c h 
i n p u t a f f e c t s o n e and o n l y o n e o u t p u t . O t h e r t y p e s o f i n t e r a c t i o n a r e 
" o u t p u t i n t e r a c t i o n " , w h i c h i s b a s i c a l l y t h e r e a c t i o n o f o t h e r o u t p u t s t o 
a n e x t e r n a l d i s t u r b a n c e a p p l i e d t o some o u t p u t v a r i a b l e , and " o u t p u t 
d e p e n d e n c e " , w h i c h r e f e r s t o t h e p o s s i b i l i t y o f o b t a i n i n g any i n d e p e n d e n t 
s e t o f d e s i r e d o u t p u t f u n c t i o n s by s u i t a b l e m a n i p u l a t i o n o f t h e i n p u t 
f u n c t i o n s [ 1 8 7 ] , The s t u d i e s o f t h e s e m o r e c o m p l i c a t e d a s p e c t s o f i n t e r ­




The axiomatic definition of a dynamical system, given below, is 
essentially that of Weiss and Kalman [286]. The main purpose of these 
axioms is to motivate the concept of state for describing physical sys­
tems, on which concept Newtonian mechanics as well as quantum mechanics 
is based. 
Definition 1. A dynamical system is a mathematical structure de­
noted by the septet (E, T, fi, U, <j>, Y, ip) where: 
(1) £ is an abstract space called state space and T is a set 
of values of time at which the behavior of the system is defined. T is 
an ordered subset of the real numbers, with the usual ordering > (or <). 
If t-, t e T, the statement t- > t (or t.. < t ) will mean that t, 1 o 1 o 1 o 1 
is in the future (or in the past) with respect to t . 
o 
(2) ft and U are abstract spaces with ft being the set of 
functions of time u:T U which represent the admissible inputs to 
the system. 
(3) For any initial time t e T, any initial state x_ e Z, and 
any input u e defined for t ^ x (or t x) , states at other values 
of time of the system are determined by a given transition function 
fixTxTxE-*-E, which is written as j£u(t, T, x). This function 
has the following properties: 
(a) ^ (x; x, x) = x for any u e fi, x e T, x e E 
(b) ^ (t; x, x) is defined only when t ̂  x (or t $ T) 
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(c) ^ (t 2; t Q, x) - t u(t 2; t v 4 u ( t l S t Q, x)] for all 
u c fl, all tQ, t 1, t 2 in T such that ^ ̂  * t Q 
(or t 0 t, •* t ), and all x e Z . 
(d) If u r denotes the equivalence class of functions in 
~~ I f f t J 
f2 whose values agree with u on the set [T, t] O T, then 
[ t , t] 
(A) Every output of the system at time t is given by the value 
of a real function : T x Z x ft R , where \p belongs to a given 
class Y. 
(5) The functions $ and \p are continuous with respect to 
suitable topologies defined on I, T, ft, Y, and the reals, as well as 
the induced product topologies. 
Dynamical systems can be causal, anticausal or noncausal. If the 
present values of the input, output, and state do not depend upon the 
future values of the input, output, and state, then we say that the sys­
tem is causal or nonanticipatory. It is a system in which the time or­
dering is the usual one (>), and in which the state at the present sum­
marizes the present and the past history of the system. An anticausal 
system is one in which the time ordering is the opposite of the usual 
one (<), and in which the state at the present summarizes the present 
and the future history of the system. A noncausal system is one which 
is neither causal nor anticausal. An example of such a system is the 
ideal low pass filter whose behavior at any given time depends on both 
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p a s t and f u t u r e i n p u t s [ 2 8 6 , 2 9 1 ] . 
I n t h e s e q u e l we s h a l l b e c o n c e r n e d o n l y w i t h c a u s a l s y s t e m s . 
Most of t h e c o n c l u s i o n s p e r t a i n i n g t o c a u s a l s y s t e m s can be made t o h o l d 
f o r a n t i c a u s a l s y s t e m s s i m p l y by r e v e r s i n g t h e o r d e r of t h e t i m e s e t [ 2 8 6 ] . 
We s h a l l f u r t h e r assume t h a t t h e q u a n t i t i e s and f u n c t i o n s w i t h which we 
d e a l a r e e x a c t l y d e t e r m i n e d , s o t h a t no random e l e m e n t s o c c u r . I n o t h e r 
w o r d s , we s h a l l s u p p o s e t h a t our s y s t e m s a r e c o m p l e t e l y d e t e r m i n i s t i c 
and t h a t our s y s t e m s obey t h e c l a s s i c a l c a u s e - a n d - e f f e c t l aws of p h y s i c s . 
A d y n a m i c a l s y s t e m i s s a i d t o b e c o n t i n u o u s - t i m e sys t em i f t h e 
s e t T, t h e domain of d e f i n i t i o n of t h e s y s t e m , i s an open i n t e r v a l 
(which may b e a l l of R ) . 
I f E i s assumed f i n i t e d i m e n s i o n a l , t h e n i t can b e p roved [286] 
t h a t t h e t r a n s i t i o n f u n c t i o n of t h e most g e n e r a l d y n a m i c a l c o n t i n u o u s -
t i m e s y s t e m i s a s o l u t i o n of t h e v e c t o r d i f f e r e n t i a l e q u a t i o n 
x ( t ) = I [x (t), u (t), t] 
( 2 . 1 ) 
v_ ( t ) = £ [x ( t ) , u ( t ) , t ] 
where 
x ( t ) i s an n -component s t a t e v e c t o r 
u ( t ) i s an r - c o m p o n e n t i n p u t v e c t o r 
y_ ( t ) i s an p-component o u t p u t v e c t o r 
f: R n x R r x T -> R n i s a c o n t i n u o u s 
f u n c t i o n of a l l i t s a r g u m e n t s and 
R and R a r e n - and r - d i m e n s i o n a l 
r e a l s p a c e s , r e s p e c t i v e l y 
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£: R n x R r x T is a continuous function 
of all its arguments and t e T, where T 
is the domain of the definition of the 
system. 
The solution of (.1) can then be written 
with 
(t) = ^ [t; t , x,] 
as defined on pp. 16-17 and = x (tQ) 
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CHAPTER III 
CONTROLLABILITY, OBSERVABILITY AND INVARIANCE DEFINITIONS 
Besides stability, the properties of controllability, observa­
bility, and invariance are the most important structural properties of 
the system. We call them structural because they depend primarily on 
the structure of the system rather than inputs and outputs even though 
these properties might be manifest for only certain types of inputs or 
outputs (e.g., invariance of certain outputs of the system with respect 
to inputs representing periodic functions only). 
Roughly speaking, we shall say that system is controllable if it 
is possible to drive any state (or output) of the system to the origin 
or to some other point in the st&te (or output) space in some finite 
time. We shall say that a system is observable if the initial state of 
the system can be found from a suitable measurement of the output. 
Finally, we shall say that a system is invariant to some input if the 
response (output) of the system does not depend on the particular input 
except possible for the initial conditions. 
We shall show in the sequel that the properties of controllability, 
observability, and invariance can be uniquely related to interaction or 
noninteraction of system inputs and outputs, and can be used to define 
necessary and sufficient conditions for such interaction or noninter­
action. 
More precisely, consider the system Eq. (2.1) with an n-dimen-
sional vector space of states, an r-dimensional vector space of inputs 
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and p - d i m e n s i o n a l o u t p u t s p a c e . L e t x (t^) = x^ b e some i n i t i a l s t a t e , 
and tQ e T some i n i t i a l t i m e . L e t x^ ( t ) j = 1 , 2 , n , d e n o t e t h e 
j - t h component of t h e s t a t e v e c t o r , u_̂  ( t ) i - 1 , 2 , r t h e i - t h 
component of t h e i n p u t v e c t o r , and ( t ) , k = 1 , 2 , p , t h e k - t h 
component of t h e o u t p u t v e c t o r . For t h i s s y s t e m , t h e c o n c e p t s of s t a t e 
and o u t p u t c o n t r o l l a b i l i t y , o b s e r v a b i l i t y and s t a t e and o u t p u t i n v a r i a n c e 
a r e d e f i n e d a s f o l l o w s . 
3 . 1 . S t a t e C o n t r o l l a b i l i t y . I n s t e a d of t h e cus tomary a p p r o a c h of c o n ­
s i d e r i n g a g e n e r a l c a s e of a p o i n t i n t h e p h a s e or s t a t e s p a c e of t h e 
sys t em and t h e c o n d i t i o n s unde r which t h e s y s t e m can b e t r a n s f e r r e d t o 
some o t h e r p o i n t i n t h a t s p a c e , we s h a l l c o n s i d e r f i r s t on ly one com­
p o n e n t ( c o o r d i n a t e ) x^ ( t ) , i = 1 , 2 , n of t h e s t a t e v e c t o r x ( t ) 
and one component u^ ( t ) of t h e i n p u t v e c t o r _u ( t ) , and d e f i n e 
s e l e c t i v e s t a t e c o n t r o l l a b i l i t y . Thus we s h a l l s a y : 
SC ( I , 1 ) . The i - t h component x . of the s t a t e x i s s e l e c -1 i o —o 
t i v e l y c o n t r o l l a b l e by t h e j - t h component u^ ( t ) of t h e i n p u t _u ( t ) 
i f t h e r e e x i s t s some f i n i t e t i m e t , > t and some i n p u t u . r j_ ^ -. 
which t r a n s f e r s ( x . , t ) t o ( x . . , t . . ) , whe re u . - A-, i s t h e 
i o o i l 1 i l t , t,"J 
o 1 
j - t h component of t h e i n p u t u e and u^ = 0 f o r k ^ i , k , i = 1 , 2 , 
r . 
SC ( I , 4 ) . I f e v e r y p o i n t x ^ o i n t h e i - t h c o o r d i n a t e s e t 
•k 
The d e f i n i t i o n s a r e a s s i g n e d codes of t h e Type SC ( , ) t o f a c i ­
l i t a t e i d e n t i f i c a t i o n of c o r r e s p o n d i n g e n t r a n c e s i n T a b l e 1 of t h e Appen­
d i x , and e l s e w h e r e i n t h e t e x t . See p a g e 24 f o r f u r t h e r d e t a i l s . 
Note t h a t t h e c o u p l e s (x^ , t Q ) and ( X . Q > *-^) a r e p r o j e c t i o n s 
of t h e p h a s e s (x , t ) and ( x . , ? . ) on t h e i - t n c o o r d i n a t e a x i s . e —o' o — 1 ' 1 
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E^, i = 1 , 2 , . . . , n , i s c o n t r o l l a b l e a t t Q , t h e n t h e s y s t e m i s 
s e l e c t i v e l y i - t h s t a t e c o n t r o l l a b l e a t t Q . 
SC ( I , 44) . I f e v e r y p o i n t X ^ q e E ^ , i = l , 2 , . . . , n i s c o n ­
t r o l l a b l e a t e v e r y t Q c T, w h e r e T i s t h e i n t e r v a l of t h e d e f i n i t i o n 
of t h e s y s t e m t h e n t h e s y s t e m i s s e l e c t i v e l y c o m p l e t e l y i - t h s t a t e c o n ­
t r o l l a b l e . 
SC ( I I I , 1 ) . The i - t h component of t h e s t a t e x^ * s 
s t r o n g l y c o n t r o l l a b l e a t t Q i f i t i s s e l e c t i v e l y c o n t r o l l a b l e by 
a l l i n p u t components u . r , , j = l , 2 , . . . , r , s e p a r a t e l y . 
o ' t l J 
SC ( I I I , 4) . I f e v e r y p o i n t X ^ Q G i s c o n t r o l l a b l e , t h e n t h e 
s y s t e m i s s t r o n g l y i - t h s t a t e c o n t r o l l a b l e s y s t e m a t t Q . 
SC ( I I I , 4 4 ) . I f , i n a d d i t i o n , t h i s i s t r u e f o r a l l t e T, t h e n 
t h e s y s t e m i s s t r o n g l y c o m p l e t e l y i - t h s t a t e c o n t r o l l a b l e . 
SC ( I , 4 4 4 ) . I f a s y s t e m i s s e l e c t i v e l y c o m p l e t e l y i - t h s t a t e 
c o n t r o l l a b l e on e v e r y i n t e r v a l [ t Q , t ^ ] c T, t h e n i t i s s e l e c t i v e l y 
t o t a l l y i - t h s t a t e c o n t r o l l a b l e . 
SC ( I I I , 4 4 4 ) . Combining t h e d e f i n i t i o n s SC ( I I I , 1) and 
SC ( I , 4 4 4 ) , we o b t a i n v a l i d c a s e s of a s y s t e m which i s s t r o n g l y t o t a l l y 
i - t h s t a t e c o n t r o l l a b l e . 
SC ( I , 4 4 4 4 ) . I f a s y s t e m i s s e l e c t i v e l y t o t a l l y i - t h s t a t e c o n ­
t r o l l a b l e on any r e g i o n of t h e ( t , T) p l a n e , t h e n t h e s y s t e m i s s a i d 
t o be s e l e c t i v e l y u n i f o r m l y i - t h s t a t e c o n t r o l l a b l e . 
SC ( I I I , 1 1 1 1 ) . I f a s y s t e m i s s t r o n g l y t o t a l l y i - t h s t a t e c o n ­
t r o l l a b l e on any r e g i o n of t h e ( t , T) p l a n e , t h e n t h e s y s t e m i s s a i d 
t o b e i - t h s t a t e - n o r m a l . 
SC ( I , 2 ) . I f more t h a n one component of t h e s t a t e x a r e 
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controllable by the j-th component of the input u (t), j = 1, 2, ...,r, 
in the sense that there exists some finite time t.. > t and some input 
1 o 
u H i which transfers (x , t ) to (x, , t..), where x , x, are j[t , t, ] —o' o —1 1 ' —o —1 o 1 
points in the space E C X of the dimensionality corresponding to the 
number of controllable components of x . then we shall say that x 
—o —o 
is selectively controllable state in the space Z C Z. 
As in the case of a single component of the state, we can define 
complete, strong, total etc., controllability in the space Z C Z. Al­
ternatively, we shall say that the system is controllable in the subset 
Z of the set X (of the components of state vector). 
Generalization of the concept of selective state controllability 
leads to the concept of j-th input controllable states. 
SC (I, 3). A state x^ £ Z is said to be selectively controllable 
if there exists some finite > t and some input u... _ -, , i = 1, 
1 o j[tQ, t 1]' J 
2, r, representing the j-th component of û  £ U, which transfers 
(x , t ) to (x-, t..) where u. , _ , = 0 for k ^ j. —o o —1 1 Tc[t , t-J J o 1 
SC (1, 6) . If every state x,-, e ^ * s selectively controllable, 
then we have a selectively state controllable system at t (by the j-th 
input). 
SC (I, 66). If every state is j-th input controllable for all 
x^ £ Z and t e T, then the system is selectively completely state 
controllable. 
SC (III, 6666). If the system is j-th input controllable separately 
for all u.r , , j = 1, 2, r, and on all regions of the (t ,x) JLt0, txJ 
plane, then the system is called state-normal [15]. 
If we now consider the overall u_r , , then we are lead to 
1 V 1 J 
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s t a t e - c o n t r o l l a b i l i t y d e f i n i t i o n s i n t h e c u r r e n t c o n t r o l t h e o r y l i t e r a ­
t u r e . We s t a t e some of t h e s e d e f i n i t i o n s b e l o w . 
SC ( I I , 3 ) . The s t a t e x e Z i s c o n t r o l l a b l e a t t ime t i f 1 — - —o o 
t h e r e e x i s t s an i n p u t f u n c t i o n Ur , , d e p e n d i n g i n g e n e r a l on x 
o ' 1 J ~ ° 
a s w e l l a s t , which t r a n s f e r s (x , t ) t o (x . , t - ) i n f i n i t e t i m e 
o -HO o — 1 1 
t - > t . 1 o 
SC ( I I , 6 ) . I f e v e r y s t a t e x^ e E i s c o n t r o l l a b l e a t t i m e 
t e T, t h e n t h e s y s t e m i s s t a t e - c o n t r o l l a b l e a t t . o ' J o 
SC ( I I , 6 6 ) . I f t h e s y s t e m i s s t a t e - c o n t r o l l a b l e i n t h e above 
s e n s e f o r a l l t e T, t h e n i t i s c o m p l e t e l y s t a t e - c o n t r o l l a b l e . 
I t i s f u r t h e r p o s s i b l e t o d e f i n e s t r o n g l y and t o t a l l y c o n t r o l l a b l e 
s t a t e s and s y s t e m s as w e l l a s s t a t e - p r o p e r and s t a t e - n o r m a l c a s e s [ 1 4 2 , 
162 , 2 8 4 ] . 
A c o m p l e t e l i s t i n g of v a r i o u s s t a t e - c o n t r o l l a b i l i t y c o n c e p t s b a s e d 
on i n i t i a l s t a t e and t i m e v a r i a t i o n s and c r i t e r i a f o r t h e i r i d e n t i f i c a ­
t i o n a r e g i v e n i n a condensed form i n Appendix T a b l e 1 . I t s h o u l d be 
n o t e d t h a t t h e l i s t i n g i s n o t c o n s i d e r e d e x h a u s t i v e , s i n c e t h e r e a r e 
s t i l l o t h e r t y p e s of c o n t r o l l a b i l i t y , such a s d i f f e r e n t i a l c o n t r o l l a b i l i t y , 
e - c o n t r o l l a b i l i t y e t c . , which h a v e n o t been c o n s i d e r e d . T h i s r emark a p ­
p l i e s a l s o t o o b s e r v a b i l i t y and i n v a r i a n c e s e c t i o n s , which a r e d e a l t w i t h 
i n t h e s e q u e l . 
For e a s y r e f e r e n c e , v a r i o u s t y p e s of s t a t e c o n t r o l l a b i l i t y l i s t e d 
i n T a b l e 1 of t h e Appendix have been a s s i g n e d i d e n t i f i c a t i o n codes c o n ­
s i s t i n g of l e t t e r s SC, which s t a n d f o r s t a t e c o n t r o l l a b i l i t y , f o l l o w e d 
by a Roman and an A r a b i c number i n p a r e n t h e s i s . The Roman numbers i d e n ­
t i f y c o n t r o l l i n g i n p u t s a s f o l l o w s : 
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I - c o n t r o l l a b l e by some component u . - ^ , of t h e 
J [ t 0 , t±] 
i n p u t u r , . 
1 V 1 J 
I I - c o n t r o l l a b l e by t h e i n p u t u_r 1 as a w h o l e . 
l V C 1 J 
I I I - c o n t r o l l a b l e by each of t h e components 
u . , ^ , , j = l » 2 , . . . , k , of t h e i n p u t J [ t Q , t x ] 
Ur , s e p a r a t e l y . 
L o» t l J 
The A r a b i c numbers a r e e i t h e r o n e , two , t h r e e , o r f o u r d i g i t s 
l o n g . D i g i t s 1 t h r o u g h 6 have been used t o i n d i c a t e t h e t y p e of c o n ­
t r o l l e d v a r i a b l e s a s f o l l o w s ( i n c o n j u n c t i o n w i t h c o n t r o l c a t e g o r y I , I I , 
or I I I a s d e f i n e d a b o v e ) : 
1 - some component x^ ( t ) of t h e s t a t e v e c t o r x ( t ) i s 
c o n t r o l l a b l e f o r some i n i t i a l c o n d i t i o n x, i o 
2 - s e v e r a l components of t h e s t a t e v e c t o r x. ( t ) > c o n s t i t u t i n g 
t h e p r o j e c t i o n x ( t ) on t h e s u b s p a c e E of t h e s t a t e 
s p a c e E, a r e s i m u l t a n e o u s l y c o n t r o l l a b l e f o r some i n i t i a l 
c o n d i t i o n s x . 
—xo 
3 - t h e s t a t e x ( t ) i s c o n t r o l l a b l e f o r some i n i t i a l v a l u e x _ —( 
4 - some component x^ ( t ) of t h e s t a t e v e c t o r x. * s c o n ~ 
t r o l l a b l e f o r a l l i n i t i a l v a l u e s x . 
io 
5 - s e v e r a l components jc ( t ) of t h e s t a t e v e c t o r x. ( t ) a r e 
s i m u l t a n e o u s l y c o n t r o l l a b l e f o r a l l i n i t i a l c o n d i t i o n s x . 
J —io 
6 - t h e s t a t e x ( t ) i s c o n t r o l l a b l e f o r a l l i n i t i a l v a l u e s 
x 
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The number of d i g i t s i n t h i s p o r t i o n of t h e code i n d i c a t e s t h e 
t i m e i n t e r v a l of c o n t r o l l a b i l i t y i n t h e f o l l o w i n g manner : 
one d i g i t - c o n t r o l l a b l e f o r some i n i t i a l v a l u e t e T ° o 
two d i g i t s - c o n t r o l l a b l e f o r a l l i n i t i a l v a l u e s t z T ° o 
t h r e e d i g i t s - c o n t r o l l a b l e on a l l i n t e r v a l s [ t Q , t ^ ] c T 
f o u r d i g i t s - c o n t r o l l a b l e f o r a l l ( t , x ) e T x T, i . e . , on t h e 
who le T x T p l a n e . 
As i t w i l l be shown l a t e r , t h i s method of d e n o t i n g v a r i o u s t y p e s 
of s t a t e c o n t r o l l a b i l i t y ( a s w e l l as o u t p u t c o n t r o l l a b i l i t y , o b s e r v a ­
b i l i t y , and s t a t e and o u t p u t i n v a r i a n c e ) was s e l e c t e d f o r t h e p u r p o s e of 
n o t a t i o n a l l y i n d i c a t i n g c e r t a i n b a s i c i m p l i c a t i o n s among v a r i o u s t y p e s 
of c o n t r o l l a b i l i t y ( o b s e r v a b i l i t y , i n v a r i a n c e ) . 
3 . 2 . Outpu t C o n t r o l l a b i l i t y . E s s e n t i a l l y , o u t p u t c o n t r o l l a b i l i t y 
means t h a t any f i n a l o u t p u t of t h e s y s t e m can be a t t a i n e d , s t a r t i n g w i t h 
g i v e n o r a r b i t r a r y i n i t i a l c o n d i t i o n s a n d , as i n t h e c a s e of s t a t e c o n ­
t r o l l a b i l i t y , v a r i o u s t y p e s of o u t p u t c o n t r o l l a b i l i t y a r e d e f i n e d d e ­
p e n d i n g on w h e t h e r t h i s c a p a b i l i t y i s l i m i t e d t o c e r t a i n i n i t i a l c o n d i ­
t i o n s o r v a l i d f o r a l l i n i t i a l c o n d i t i o n s , and w h e t h e r i t i s l i m i t e d t o 
c e r t a i n i n i t i a l t i m e s , o r v a l i d f o r a l l i n i t i a l t i m e s o r even a l l t i m e 
i n t e r v a l s on t h e i n t e r v a l of d e f i n i t i o n of t h e s y s t e m . I t i s a s i m p l e 
m a t t e r t o r e l a t e o u t p u t c o n t r o l l a b i l i t y t o s t a t e c o n t r o l l a b i l i t y , a s i t 
w i l l b e shown i n t h e n e x t p a r a g r a p h . As a m a t t e r of f a c t , s t a t e c o n t r o l ­
l a b i l i t y can b e c o n s i d e r e d as a s p e c i a l c a s e of o u t p u t c o n t r o l l a b i l i t y , 
t hough f o r l i n e a r s y s t e m s o n l y . 
The d e f i n i t i o n s of v a r i o u s t y p e s of o u t p u t c o n t r o l l a b i l i t y a r e 
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b a s i c a l l y t h e same as t h o s e of s t a t e c o n t r o l l a b i l i t y , w i t h " s t a t e " r e ­
p l a c e d by " o u t p u t " and x f s r e p l a c e d b y _ y f s , w i t h y_̂  ( t ) , i = 1 , 2 , 
p , d e n o t i n g t h e i - t h component of t h e o u t p u t v e c t o r y_ ( t ) . 
T a b l e 2 of t h e Appendix l i s t s v a r i o u s t y p e s of o u t p u t c o n t r o l l a ­
b i l i t y i n t h e same o r d e r as v a r i o u s t y p e s of s t a t e c o n t r o l l a b i l i t y were 
l i s t e d i n T a b l e 1 of t h e A p p e n d i x . They a r e a l s o coded i d e n t i c a l l y e x ­
c e p t t h a t t h e l e t t e r s SC a r e r e p l a c e d by t h e l e t t e r s OC t o i n d i c a t e o u t ­
p u t c o n t r o l l a b i l i t y . 
3 . 3 O b s e r v a b i l i t y . As i n t h e p r e c e d i n g s e c t i o n on c o n t r o l l a b i l i t y , 
we s h a l l d e f i n e v a r i o u s t y p e s of o b s e r v a b i l i t y i n g r e a t e r d e t a i l t h a n i t 
h a s been done so f a r i n c o n t r o l t h e o r y l i t e r a t u r e . Thus , we s h a l l s t a r t 
w i t h t h e d e f i n i t i o n s of " s e l e c t i v e " o b s e r v a b i l i t y r e l a t i n g o n l y c e r t a i n 
components of o u t p u t and s t a t e v e c t o r s and t h e n c o n s i d e r more g e n e r a l 
c a s e s . The s e q u e n c e of t h e d e f i n i t i o n s i s t h e same as f o r s t a t e c o n t r o l ­
l a b i l i t y and t h e d e f i n i t i o n s of c o n t r o l l a b i l i t y and o b s e r v a b i l i t y a r e 
e q u i v a l e n t i n t h e s e n s e t h a t f o r each c o n t r o l l a b i l i t y d e f i n i t i o n t h e r e 
i s a c o u n t e r p a r t i n o b s e r v a b i l i t y d e f i n i t i o n . A l l t h e d e f i n i t i o n s r e f e r 
t o t h e s y s t e m s p e c i f i e d by t h e e q u a t i o n s ( 2 . 1 ) . 
OB ( I , 1 ) . The component X ^ q of t h e s t a t e x^ i s s e l e c t i v e l y -
o b s e r v a b l e i - t h s t a t e component a t t i m e t i f t h e r e e x i s t s a t i m e 
t ^ > t such t h a t X ^ q can b e d e t e r m i n e d from knowledge of t h e i n p u t 
_ur 1 and t h e component y_. of t h e s y s t e m s o u t p u t y ( t ) on 
° ' 1 3 [ t o ' t h e i n t e r v a l [ t , t n ] . o l 
OB ( I , 4 ) . I f e v e r y p o i n t x ^ q i n t h e c o o r d i n a t e s e t E^ i s o b ­
s e r v a b l e a t t , t h en we h a v e a s e l e c t i v e l y i - t h s t a t e o b s e r v a b l e a t t . 
o ' 1 o 
OB ( I , 4 4 ) . I f e v e r y p o i n t x ^ e E^, i s o b s e r v a b l e a t e v e r y t 
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i n t h e i n t e r v a l of d e f i n i t i o n of t h e s y s t e m T, t h e n t h e s y s t e m i s 
s e l e c t i v e l y c o m p l e t e l y i - t h s t a t e o b s e r v a b l e ( w i t h r e s p e c t t o some o u t ­
p u t component y . f , ) . 
j L t Q , t 1 J 
OB ( I I I , 1 ) . The component X ^ q of t h e s t a t e x^ i- s s t r o n g l y 
o b s e r v a b l e i - t h s t a t e component a t t i f i t i s s e l e c t i v e l y o b s e r v a b l e 
w i t h r e s p e c t t o each o u t p u t components y f , , j = 1 , 2 , p , 
31 t Q , t 1 J 
s e p a r a t e l y . 
OB ( I I I , 4 ) . I f e v e r y p o i n t X ^ Q E i s o b s e r v a b l e , t h e n i t i s 
a s t r o n g l y i - t h s t a t e o b s e r v a b l e s y s t e m a t t . 
OB ( I I I , 4 4 ) . I f , i n a d d i t i o n , t h i s i s t r u e f o r a l l t £ T, t h e n 
t h e s y s t e m i s s t r o n g l y c o m p l e t e l y i - t h s t a t e o b s e r v a b l e . 
OB ( I , 4 4 4 ) . I f t h e i - t h component of t h e s t a t e x i s 1 i o —o 
c o m p l e t e l y o b s e r v a b l e on e v e r y i n t e r v a l [ t , t ^ ] c T, f o r a l l X ^ Q E E^ 
t h e n i t i s s e l e c t i v e l y t o t a l l y i - t h s t a t e o b s e r v a b l e s y s t e m . 
S y s t e m s , which a r e t o t a l l y o b s e r v a b l e w i t h r e s p e c t t o each o u t p u t 
component y . r . . . j = 1 , 2 , . . . , p , a r e s t r o n g l y t o t a l l y o b s e r v a b l e , 
J L V 1 J 
so t h a t , d e p e n d i n g on t h e number of o b s e r v a b l e componen t s , we s p e c i f i ­
c a l l y can h a v e : 
OB ( I I I , 4 4 4 ) - a s t r o n g l y t o t a l l y i - t h s t a t e o b s e r v a b l e s y s t e m 
OB ( I I I , 555) - a s t r o n g l y t o t a l l y o b s e r v a b l e s y s t e m i n E C E, 
OB ( I I I , 666) - a s t r o n g l y t o t a l l y o b s e r v a b l e s y s t e m . 
OB ( I , 4 4 4 4 ) . I f a s y s t e m i s s e l e c t i v e l y t o t a l l y i - t h s t a t e o b ­
s e r v a b l e on any r e g i o n of t h e ( t , T) p l a n e , t h e n t h e s y s t e m i s s a i d t o 
be s e l e c t i v e l y u n i f o r m l y i - t h s t a t e o b s e r v a b l e . 
OB ( I I I , 4 4 4 4 ) . I f t h e i - t h component x . of t h e s t a t e x , i s 
* -r i o —o 
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s t r o n g l y t o t a l l y o b s e r v a b l e on any r e g i o n of t h e ( t , T) p l a n e , t h e n t h e 
sys t em i s s a i d t o be i - t h s t a t e o b s e r v a b l e n o r m a l s y s t e m . 
OB(I , 2 ) . I f a s t a t e XQ ° f t h e s y s t e m i s o b s e r v a b l e i n more 
t h a n one of i t s components w i t h r e s p e c t t o t h e j - t h o u t p u t component ( i n 
t h e s e n s e t h a t x ^ , which a r e p o i n t s i n t h e s u b s p a c e Z of t h e s p a c e 
Z of t h e d i m e n s i o n a l i t y c o r r e s p o n d i n g t o t h e number of o b s e r v a b l e c o ­
o r d i n a t e s of XQ )> t h e n we s h a l l s a y t h a t t h e s t a t e i s s e l e c t i v e l y 
o b s e r v a b l e i n t h e s p a c e Z. 
We can f u r t h e r d e f i n e c o m p l e t e , s t r o n g , t o t a l e t c . , o b s e r v a b i l i t y 
i n t h e s u b s p a c e Z of Z. 
Requ i r emen t t h a t a l l components of t h e s t a t e v e c t o r be s i m u l ­
t a n e o u s l y o b s e r v a b l e w i t h r e s p e c t t o a c e r t a i n component of t h e i n p u t 
v e c t o r y_(t) l e a d s t o o b s e r v a b i l i t y d e f i n i t i o n s : 
OB(I, 3 ) . A s t a t e x e Z i s s a i d t o be s e l e c t i v e l y o b s e r v a b l e 1 o z 
s t a t e a t t i m e t i f t h e r e e x i s t s some f i n i t e t.. > t such t h a t x o 1 o —o 
can b e d e t e r m i n e d from knowledge of t h e i n p u t u,- ^ , and t h e i - t h 
- [ t o , t x ] 
component of t h e s y s t e m s o u t p u t y . r -, . 
j [ t Q , t 1] 
OB ( 1 , 6) . I f e v e r y s t a t e XQ e ^ i- s s e l e c t i v e l y o b s e r v a b l e a t 
t Q , t h e n t h e s y s t e m i s a s e l e c t i v e l y o b s e r v a b l e s y s t e m a t t ^ . 
OB(I, 6 6 ) . I f e v e r y s t a t e XQ e £ I s s e l e c t i v e l y o b s e r v a b l e f o r 
a l l XQ E £ A N ^ A - T t e T, t h e n t h e s y s t e m i s c o m p l e t e l y s e l e c t i v e l y 
o b s e r v a b l e . 
A g a i n , i f we c o n s i d e r t h e o v e r a l l o u t p u t y_r , i n s t e a d of 
1 V t l J 
i t s s i n g l e componen t s , we come up w i t h t h e cus tomary d e f i n i t i o n s of o b ­
s e r v a b i l i t y , of which o n l y t h e t h r e e most i m p o r t a n t ones a r e g i v e n be low 
( d e f i n i t i o n s of o t h e r t y p e s of o b s e r v a b i l i t y can b e e a s i l y c o n s t r u c t e d 
from Appendix T a b l e 3 ) . 
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a t i m e 
OB ( I I , 3 ) . A s t a t e x i s o b s e r v a b l e a t t ime t i f t h e r e i s 1—<- o 
t ^ > t Q such t h a t knowledge of t h e i n p u t _u^ t t j and s y s t e m ' s 
o u t p u t y r _ ^ n i s s u f f i c i e n t t o d e t e r m i n e x . 
[ t o ' Zl] "° 
OB ( I I , 6 ) . I f e v e r y s t a t e x^ e Z i s o b s e r v a b l e a t t i m e t Q e T, 
t h e n t h e s y s t e m i s an o b s e r v a b l e s y s t e m a t t Q . 
OB ( I I , 6 6 ) . I f t h e s y s t e m i s o b s e r v a b l e f o r a l l t e T , t h e n i t 
i s ( c o m p l e t e l y ) o b s e r v a b l e . 
T a b l e 3 i n t h e Appendix g i v e s a condensed r e p r e s e n t a t i o n of v a r i o u s 
t y p e s of o b s e r v a b i l i t y , of which o n l y t h e more i m p o r t a n t ones we re e x p l i ­
c i t l y d e f i n e d i n t h e p r e c e d i n g p a r a g r a p h s . These t y p e s a r e numbered i n 
t h e same o r d e r as v a r i o u s t y p e s of c o n t r o l l a b i l i t y we re numbered i n 
T a b l e s 1 and 2 , e x c e p t t h a t t h e l e t t e r s OB a r e u s e d i n f r o n t of t h e num­
b e r t o i n d i c a t e t h a t i t p e r t a i n s t o c e r t a i n o b s e r v a b i l i t y d e f i n i t i o n . 
3 . 4 . S t a t e I n v a r i a n c e . I n v a r i a n c e , e i t h e r s t a t e o r o u t p u t , i s 
t h e t h i r d b a s i c p r o p e r t y of a s y s t e m t o be d e f i n e d and l a t e r i n v e s t i g a t e d 
i n t h e c o n t e x t of i n t e r a c t i o n s of s y s t e m ' s i n p u t s and o u t p u t s . The d e f i ­
n i t i o n s f o l l o w t h e p a t t e r n e s t a b l i s h e d f o r c o n t r o l l a b i l i t y and o b s e r v a ­
b i l i t y and r e f e r t o t h e s y s t e m r e p r e s e n t e d by t h e e q u a t i o n s ( 2 . 1 ) . 
SI ( 1 , 1 ) . The component x^ ( t ) of t h e s t a t e v e c t o r x. ( t ) i - s 
s e l e c t i v e l y i n v a r i a n t j - t h s t a t e component a t t i m e t w i t h r e s p e c t t o 
t h e j - t h i n p u t component u^ ( t ) i f t h e r e e x i s t s t ^ > t Q such t h a t t h e 
v a l u e s of x . ( t ) on [ t , t j do n o t depend on t h e v a l u e s of u . - ^ , 
i o 1 j [ t Q , t±] 
on t h e i n t e r v a l [ t , t - ] . 
o 1 
SI ( I , 4 ) . I f e v e r y p o i n t x . i n t h e c o o r d i n a t e s e t Z. i s * — 1 — J K i o 1 
s e l e c t i v e l y i n v a r i a n t a t t ime t e T, t h e n t h e s y s t e m i s s e l e c t i v e l y 
j - t h i n p u t s t a t e - i n v a r i a n t a t t ( w i t h r e s p e c t t o some j - t h i n p u t component 
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u . ( t ) ) . 
I f f o r some x_, ( t ) = x . t h e i - t h component x . ( t ) of t h e i o i o v 1 
s t a t e v e c t o r x ( t ) i s s e l e c t i v e l y i n v a r i a n t ( w i t h r e s p e c t t o t h e j - t h 
i n p u t component u .̂ ) f o r a l l t ^ e T t h e n t h e s y s t e m i s a s e l e c t i v e l y 
c o m p l e t e l y i - t h s t a t e - i n v a r i a n t s y s t e m . 
SI ( I I I , 1 ) . The s t a t e component x . ( t ) of i = 1 , 2 n 
t h e s t a t e v e c t o r x ( t ) i s s t r o n g l y i n v a r i a n t a t t i m e t Q e T i f i t i s 
s e l e c t i v e l y i n v a r i a n t w i t h r e s p e c t t o a l l i n p u t components u^ ( t ) , j = 
1, 2 , r . 
SI ( I I I , 4 ) . I f t h i s i s t r u e f o r e v e r y p o i n t x . ( t ) = x . e E, 1 — J f i o i o 
t h e n t h e s y s t e m i s s t r o n g l y i - t h s t a t e - i n v a r i a n t a t t . 
Q 
SI ( I I I , 4 4 ) . F u r t h e r m o r e , i f t h i s i s t r u e f o r a l l t Q e T, t h e n 
t h e s y s t e m i s s t r o n g l y c o m p l e t e l y i - t h s t a t e - i n v a r i a n t . 
SI ( I , 4 4 4 ) . I f t h e i - t h component x^ ( t ) of t h e s t a t e x ( t ) 
i s s e l e c t i v e l y c o m p l e t e l y i n v a r i a n t on e v e r y i n t e r v a l » ^-o' fcl e ^ 
t h e n we s a y t h a t i t i s a s e l e c t i v e l y t o t a l l y i - t h s t a t e - i n v a r i a n t s y s t e m . 
SI ( I I I , 4 4 4 ) . I f t h e component ( t ) i s s e l e c t i v e l y t o t a l l y 
i - t h s t a t e - i n v a r i a n t f o r a l l i n p u t s u . r , , j = 1 , 2 , . . . , r , t h e n 
i t i s s t r o n g l y t o t a l l y i - t h s t a t e - i n v a r i a n t s y s t e m . 
SI ( I , 4 4 4 4 ) . I f t h e component x^ ( t ) i s s e l e c t i v e l y t o t a l l y 
i - t h s t a t e - i n v a r i a n t i n any r e g i o n of t h e ( t , x ) p l a n e t h e n i t i s a 
s e l e c t i v e l y u n i f o r m l y i - t h s t a t e - i n v a r i a n t s y s t e m . 
SI ( I I I , 4 4 4 4 ) . I f t h e component x^ ( t ) i s s t r o n g l y t o t a l l y 
i - t h s t a t e - i n v a r i a n t on any r e g i o n of t h e ( t , x ) p l a n e , t h e n i t i s 
s a i d t o be an i - t h s t a t e - i n v a r i a n t no rma l s y s t e m . 
SI ( I , 2 ) . I f more t h a n one of t h e components of t h e s t a t e x ( t ) 
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are selectively invariant with respect to some input component u_j (t) 
in the sense that the values of X (t), where & (t) is the trajectory 
in the subspace E of E of the dimensionality corresponding to the number 
of invariant components of (t) > are not affected by the input u_. (t) 
on Tt t 1 » then we say that it is a selectively invariant state in o' 1 
the subspace E . 
SI (I, 5). If this is true for all initial values x (t ) = *—<- o o 
X ^ q , then the system is selectively state-invariant in the subspace E 
at t . 
o 
SI (I, 55). If this holds for all times t e T, then the system 
is selectively completely state-invariant in E . 
Again, we can generalize the concept of invariance by requiring 
that all components of a state vector be invariant with respect to a cer­
tain input component. The respective definitions are: 
SI (I, 3). The state x (tQ) = x^ is selectively invariant at 
time t Q E T (with respect to some partial input u^ (t) ) if there 
exists t_ > t such that the values x (t) on [t , t n] do not de-1 o o J-
pend on the values of the j-th input component u^ (t) on the interval 
i t o , tj. 
SI (I, 6) . If every state x. * s selectively invariant at 
time t E T, then it is a selectively state-invariant system at t Q. 
SI (I, 66). If the system is selectively state-invariant for all 
t E T, then we say that the system is selectively completely state-
invariant. 
Further generalization leads to the following definitions: 
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S I ( I I , 3 ) . The s t a t e x ( t ) • x I s i n v a r i a n t a t t ime t E T i 1 c : > — c r o — - o 
i f t h e r e e x i s t s t ^ > t such t h a t t h e v a l u e s x(t) on t h e i n t e r v a l 
[ t Q , t ^ ] do n o t depend on t h e v a l u e s u ( t ) on t h e same i n t e r v a l . 
S I ( I I , 6) . I f e v e r y s t a t e x_ ( t Q ) = 2 ^ i s i n v a r i a n t a t t i m e 
t E T, t h e n t h e s y s t e m i s s t a t e - i n v a r i a n t a t t . o ' 3 o 
S I ( I I , 66) . I f t h e s y s t e m i s s t a t e - i n v a r i a n t f o r a l l X Q A N C* 
a l l t i m e s t e T, t h e n we s a y t h a t i t i s a ( c o m p l e t e l y ) s t a t e - i n v a r i a n t 
s y s t e m . 
As was done i n t h e s e c t i o n s on c o n t r o l l a b i l i t y and o b s e r v a b i l i t y , 
i t i s f u r t h e r p o s s i b l e t o d e f i n e s t r o n g l y and t o t a l l y i n v a r i a n t s t a t e s 
and s y s t e m s , e t c . 
3 . 5 . O u t p u t I n v a r i a n c e . I n v a r i a n c e i n s t a t e s p a c e does n o t 
n e c e s s a r i l y e n t a i l i n v a r i a n c e i n t h e o u t p u t s p a c e w i t h r e s p e c t t o c e r t a i n 
i n p u t s . For p l a n t s w i t h d i r e c t t r a n s m i s s i o n , i . e . , f o r s y s t e m s ( 2 . 1 ) 
w i t h G 4 0 , t h i s i s s e l f e v i d e n t . However, i t can be e a s i l y a s c e r ­
t a i n e d t h a t t h i s i s a l s o t r u e f o r s y s t e m s w i t h o u t d i r e c t t r a n s m i s s i o n . 
I n g e n e r a l , s t a t e i n v a r i a n c e can b e c o n s i d e r e d as a s p e c i a l c a s e of 
o u t p u t i n v a r i a n c e , s i m i l a r l y as s t a t e c o n t r o l l a b i l i t y can b e v iewed as 
a s p e c i a l c a s e of o u t p u t c o n t r o l l a b i l i t y . 
D e f i n i t i o n s of o u t p u t i n v a r i a n c e a r e i d e n t i c a l w i t h t h o s e of 
s t a t e i n v a r i a n c e e x c e p t t h a t t h e t e rm " s t a t e " i s r e p l a c e d by " o u t p u t " and 
t h e v a r i a b l e s x^ ( t ) or x( t . ) a r e r e p l a c e d by t h e v a r i a b l e s y^ ( t ) o r y ( t ) , 
as t h e need migh t b e . For t h i s r e a s o n i t was n o t deemed n e c e s s a r y t o 
r e p e a t t h e d e f i n i t i o n s i n f u l l . I n s t e a d , r e f e r e n c e i s made t o T a b l e 5 i n 
t h e Appendix which l i s t s v a r i o u s t y p e s of o u t p u t i n v a r i a n c e i n t h e same 
o r d e r as T a b l e 4 i n t h e Appendix does f o r s t a t e i n v a r i a n c e . The l e t t e r s 




W i t h i n each c a t e g o r y d i s c u s s e d i n t h e p r e c e d i n g p a r a g r a p h s , c e r ­
t a i n t y p e s of c o n t r o l l a b i l i t y , o b s e r v a b i l i t y or i n v a r i a n c e , which a r e of 
more g e n e r a l n a t u r e , imply c e r t a i n s p e c i f i c t y p e s of c o n t r o l l a b i l i t y , 
o b s e r v a b i l i t y o r i n v a r i a n c e . I m p l i c a t i o n s , which a r e d e d u c i b l e from t h e 
d e f i n i t i o n s and a r e v a l i d f o r a l l t y p e s of s y s t e m s , w i l l b e r e f e r r e d t o 
a s b a s i c i m p l i c a t i o n s . For e x a m p l e , i f a s y s t e m i s c o m p l e t e l y s t a t e c o n ­
t r o l l a b l e , t h e n i t mus t b e a s t a t e c o n t r o l l a b l e s y s t e m a t t a s w e l l , 
i . e . , 
S C ( I I , 33) =̂ > S C ( I I , 3) 
S i m i l a r l y , s e l e c t i v e l y t o t a l l y i - t h s t a t e o b s e r v a b l e s y s t e m i m p l i e s s e ­
l e c t i v e l y o b s e r v a b l e i - t h s t a t e component f o r a l l c T » o r 
OB(I , 444) = > OB( I , I I I ) 
where S C ( I I , 3 ) , S C ( I I , 3 3 ) , OB(I , 1 1 1 ) , and OB( I , 444) a r e t h e i d e n t i ­
f i c a t i o n codes of t h e above t y p e s of c o n t r o l l a b i l i t y and o b s e r v a b i l i t y 
from Appendix T a b l e s 1 and 3 . 
We r e c a l l t h a t i n g e n e r a l t h e Roman n u m e r a l s i n t h e i d e n t i f i c a t i o n 
codes h a v e t h e f o l l o w i n g m e a n i n g : 
I - s e l e c t i v e [ c o n t r o l l a b i l i t y , o b s e r v a b i l i t y or i n v a r i a n c e ] 
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I I - (weak) [ c o n t r o l l a b i l i t y , o b s e r v a b i l i t y or i n v a r i a n c e ] 
I I I - s t r o n g [ c o n t r o l l a b i l i t y , o b s e r v a b i l i t y o r i n v a r i a n c e ] 
I t can b e e a s i l y v e r i f i e d t h a t t h e f o l l o w i n g c h a i n of b a s i c im­
p l i c a t i o n s h o l d s w i t h r e s p e c t t o t h e above t h r e e p r o p e r t i e s . 
X X ( I I I , xx) => X X ( I I , xx) XX(I , xx) 
whe re c a p i t a l XX a r e t o be r e p l a c e d by SC ( s t a t e c o n t r o l l a b i l i t y ) , OC 
( o u t p u t c o n t r o l l a b i l i t y ) , OB ( o b s e r v a b i l i t y ) , SI ( s t a t e i n v a r i a n c e ) , or 
01 ( o u t p u t i n v a r i a n c e ) , and s m a l l xx i n t h e b r a c k e t s a r e t o be r e p l a c e d 
by one of t h e v a l i d a r a b i c numbers a p p e a r i n g i n t h e i d e n t i f i c a t i o n c o d e s . 
For example 
0 C ( I I I , 4 4 4 ) 0 C ( I I , 4 4 4 ) => 0 C ( I , 4 4 4 ) 
means t h a t s t r o n g l y t o t a l l y i - t h o u t p u t c o n t r o l l a b l e s y s t e m i m p l i e s 
t o t a l l y i - t h o u t p u t c o n t r o l l a b l e s y s t e m which i n t u r n i m p l i e s s e l e c t i v e l y 
t o t a l l y i - t h o u t p u t c o n t r o l l a b l e s y s t e m . 
W i t h i n each of t h e c a t e g o r i e s of s e l e c t i v e ( I ) , weak ( I I ) , and s t r o n g 
( I I I ) c o n t r o l l a b i l i t y , o b s e r v a b i l i t y , o r i n v a r i a n c e p r o p e r t i e s , we can 
i d e n t i f y an o r d e r e d s e t of b a s i c i m p l i c a t i o n s r e s u l t i n g from t h e f a c t 
t h a t t i m e s e t s and s t a t e o r o u t p u t s p a c e s i n t h e d e f i n i t i o n s can be o r ­
de red by i n c l u s i o n r e l a t i o n . Thus , on one h a n d , we h a v e a s e t of i m p l i ­
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On t h e o t h e r h a n d , we have s e t s of i m p l i c a t i o n s of t h e t y p e shown 
b e l o w , which h o l d fo r o n e , two , t h r e e and f o u r d i g i t code g r o u p s i n e x ­
a c t l y t h e same f a s h i o n as f o r t h e one d i g i t , i . e . , 
XX(«, 6 ) ==> X X ( . , 3 ) 
XX( . , 5 ) => XX(- , 2 ) 
II II 
V V 
XX(«, 4 ) => XX(«, 1 ) 
A c o m p l e t e s t r u c t u r e of i m p l i c a t i o n s r e l a t i n g d e f i n i t i o n s w i t h i n 
each c a t e g o r y - s e l e c t i v e ( I ) , weak ( I I ) , and s t r o n g ( I I I ) - of c o n t r o l l a ­
b i l i t y , o b s e r v a b i l i t y o r i n v a r i a n c e i s shown i n t h e Append ix , T a b l e 6 . 
There a r e few more i m p l i c a t i o n s which do n o t h a v e u n i v e r s a l v a ­
l i d i t y f o r a l l p r o p e r t i e s , b u t on ly f o r some. For i n s t a n c e , a s y s t e m i s 
t o t a l l y s t a t e c o n t r o l l a b l e on ly i f i t i s a s t a t e - p r o p e r s y s t e m . T h i s i s 
i n c o n t r a s t w i t h o u t p u t - c o n t r o l l a b i l i t y w h e r e a s y s t e m may b e t o t a l l y 




x_(t) i s an n-component s t a t e v e c t o r 
_u(t) i s a r - c o m p o n e n t i n p u t v e c t o r 
LINEAR DYNAMICAL SYSTEMS 
To p r e v e n t t h e main c o u r s e of t h i s p r e s e n t a t i o n from b e i n g o b ­
s c u r e d by e x c e s s i v e d e t a i l we s h a l l l i m i t ou r i n v e s t i g a t i o n t o l i n e a r 
c o n t i n u o u s - t i m e d y n a m i c a l s y s t e m s . I n o t h e r w o r d s , we s h a l l r e s t r i c t 
our a t t e n t i o n t o a s p e c i a l c l a s s of d y n a m i c a l s y s t e m s Eq. ( 2 . 1 ) which 
a r e : 
(1) f i n i t e - d i m e n s i o n a l ( E ) . 
(2) c o n t i n u o u s - t i m e (T i s a s u b s e t of r e a l n u m b e r s , and <J>, 
a r e smooth r e a l f u n c t i o n s of t ) . 
(3) l i n e a r (ij; i s l i n e a r i n x. and <j> i s l i n e a r j o i n t l y i n 
x and u) 
(4) m u l t i - i n p u t , m u l t i - o u t p u t (U i s r - d i m e n s i o n a l , and Y i s 
p - d i m e n s i o n a l l i n e a r v e c t o r s p a c e s ) . 
The t r a n s i t i o n f u n c t i o n of t h e most g e n e r a l d y n a m i c a l s y s t e m which 
s a t i s f i e s t h e axioms of t h e D e f i n i t i o n 1 and t h e above c o n d i t i o n s , i s a 
s o l u t i o n of t h e v e c t o r d i f f e r e n t i a l e q u a t i o n 
x ( t ) = A ( t ) x ( t ) + B ( t ) u ( t ) 
( 5 . 1 ) 
y_(t) = F ( t ) x ( t ) + G ( t ) u ( t ) 
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x ( t ) i s an p-component o u t p u t v e c t o r 
A ( t ) i s a r e a l n x n m a t r i x 
B ( t ) i s a r e a l n x r m a t r i x 
F ( t ) i s a r e a l p x n m a t r i x 
G ( t ) i s a r e a l p x r m a t r i x 
For t h e most p a r t , we s h a l l c o n s i d e r , a s a f u r t h e r s i m p l i f i c a t i o n , 
l i n e a r t i m e - i n v a r i a n t sy s t em g i v e n by t h e s t a t e - v a r i a b l e d i f f e r e n t i a l 
e q u a t i o n 
x ( t ) = A x ( t ) + B u ( t ) 
( 5 . 2 ) 
X ( t ) = F x ( t ) + G u ( t ) 
w i t h v a r i a b l e s b e i n g d e f i n e d a s i n Eq. ( 5 . 1 ) , w i t h t h e o n l y d i f f e r e n c e 
t h a t t h e m a t r i c e s A, B, F , and G h a v e c o n s t a n t e l e m e n t s . We s h a l l show 
l a t e r t h a t t h e e x t e n s i o n of t h e main r e s u l t s t o t i m e - v a r y i n g s y s t e m s i s 
s t r a i g h t f o r w a r d . 
E s s e n t i a l l y we h a v e two t y p e s of i n p u t s t o t h e s y s t e m : m a n i p u l a ­
t i v e or c o n t r o l i n p u t s and d i s t u r b a n c e i n p u t s . H e r e , b o t h c o n t r o l and 
d i s t u r b a n c e i n p u t s a r e assumed t o b e d e t e r m i n i s t i c , even though t h e form 
of t h e d i s t u r b a n c e i n p u t s m i g h t n o t be known. F u r t h e r m o r e , f o r t h e p u r ­
p o s e of t h i s i n v e s t i g a t i o n , i t i s i n most c a s e s i m m a t e r i a l w h e t h e r a p a r ­
t i c u l a r i n p u t i s a c o n t r o l i n p u t or a d i s t u r b a n c e i n p u t . I f we d e n o t e 
c o n t r o l o r m a n i p u l a t i v e i n p u t 
d i s t u r b a n c e i n p u t 
u ( t ) = —c 
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t h e n 
u(t) = 
Uj(t) 
r e p r e s e n t s a l l t h e i n p u t s t o t h e s y s t e m . Thus , by a p p r o p r i a t e l y p a r t i ­
t i o n i n g t h e m a t r i c e s B and G, we can w r i t e t h e s y s t e m Eq. ( 5 . 2 ) i n 
t h e form 
x ( t ) = A x ( t ) + B u ( t ) + B , u , ( t ) — — c —c a —Q. 
y_(t) = F x ( t ) + G c u ^ t ) + G d u ^ t ) 
On t h e o t h e r h a n d , e v e r y s y s t e m of t h e t y p e 
x ( t ) = A x ( t ) + C u ( t ) + D u ( t ) - - c - g 
y ( t ) = F x ( t ) + H u ( t ) + K u , ( t ) — —c —a 
can b e r e p r e s e n t e d i n t h e form ( 5 . 2 ) w i t h 
B = [C ! D] , G = [H I K] 
and 
u(t) = 
Hence , f o r compac tnes s and c o n v e n i e n c e of n o t a t i o n , we s h a l l n o r ­
m a l l y r e f e r t o t h e s y s t e m e q u a t i o n s ( 5 . 2 ) w i t h t h e t a c i t a s s u m p t i o n t h a t 
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_u(t) represents both control and disturbance inputs, and we shall in­
terpret these inputs as the need may be. 
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CHAPTER VI 
CONTROLLABILITY, OBSERVABILITY AND INVARIANCE CRITERIA FOR 
LINEAR TIME-INVARIANT DYNAMICAL SYSTEMS 
Many of t h e f i n e d i f f e r e n c e s which a r e v a l i d f o r l i n e a r d y n a m i c a l 
t i m e - v a r i a n t s y s t e m s , d i s a p p e a r f o r t i m e - i n v a r i a n t s y s t e m s . T h i s r e s u l t s 
i n c o n s i d e r a b l e r e d u c t i o n i n t h e v a r i e t y of t y p e s of c o n t r o l l a b i l i t y , 
o b s e r v a b i l i t y , and i n v a r i a n c e on t h e one h a n d , and i n t h e s i m p l i f i c a t i o n 
of c r i t e r i a on t h e o t h e r . 
F i r s t , i f a l i n e a r t i m e - i n v a r i a n t s y s t e m ( 5 . 2 ) i s c o n t r o l l a b l e a t 
it some t i m e t e T, t h e n i t i s c o n t r o l l a b l e a t any o t h e r t i m e t e T o ' J o 
[ 1 5 ] , Hence we can choose f o r c o n v e n i e n c e t = 0 . A f u r t h e r c o n s e q u e n c e 
of t h i s i s t h e f a c t t h a t i f a l i n e a r t i m e - i n v a r i a n t s y s t e m i s c o n t r o l l a b l e 
( o r o b s e r v a b l e , o r i n v a r i a n t ) a t some t i m e t e T, t h e n i t i s c o n t r o l -' o 
l a b l e ( o b s e r v a b l e , i n v a r i a n t ) on a l l i n t e r v a l s [ t , t , ] , t.. > t , t , 
o 1 1 o o 
t ^ e T, and a l l r e g i o n s ( t , T) e T x T. I n o t h e r words i f , f o r exam­
p l e , a s y s t e m i s s e l e c t i v e l y i - t h s t a t e c o n t r o l l a b l e a t t Q , t h e n i t i s 
a l s o s e l e c t i v e l y c o m p l e t e l y i - t h s t a t e c o n t r o l l a b l e , s e l e c t i v e l y t o t a l l y 
i - t h s t a t e c o n t r o l l a b l e , and s e l e c t i v e l y u n i f o r m l y i - t h s t a t e c o n t r o l l a b l e . 
A n o t h e r i m p o r t a n t p r o p e r t y of l i n e a r t i m e - i n v a r i a n t s y s t e m s i s t h a t 
t h e s e t of s t a t e s x^ which a r e c o n t r o l l a b l e i s a s u b s p a c e of E [15] . 
I n o t h e r w o r d s , i f t h e component x ^ ( t ) of t h e s t a t e v e c t o r of t h e s y s ­
tem ( 5 . 2 ) i s c o n t r o l l a b l e f o r some i n i t i a l v a l u e x . , t h e n i t i s c o n t r o l -
10 ' 
l a b l e f o r a l l i n i t i a l v a l u e s X ^ q i n E^. Thus , s e l e c t i v e l y u n i f o r m l y 
c o n t r o l l a b l e i - t h s t a t e component i m p l i e s (and i s i m p l i e d by) s e l e c t i v e l y 
u n i f o r m l y i - t h s t a t e c o n t r o l l a b l e s y s t e m [ o r S C ( I , 1111) <=^ S C ( I , 4 4 4 4 ) ] 9 
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a p r o p e r i - t h s t a t e component i m p l i e s i - t h s t a t e p r o p e r s y s t e m [ S C ( I I , 
1111) < = > S C ( I I , 4 4 4 4 ) ] ; and normal i - t h s t a t e component i m p l i e s i - t h 
s t a t e - n o r m a l s y s t e m [ S C ( I I I , 1111) <=> S C ( I I I , 4 4 4 4 ) ] . S i m i l a r l y , i f 
some components of t h e s t a t e v e c t o r _ x ( t ) a r e s i m u l t a n e o u s l y c o n t r o l ­
l a b l e i n some s u b s p a c e E of t h e s t a t e s p a c e E f o r some i n i t i a l 
v a l u e x e E t h e n t h e y a r e c o n t r o l l a b l e f o r a l l i n i t i a l v a l u e s x —o J —o 
e E . Hence , s e l e c t i v e l y u n i f o r m l y c o n t r o l l a b l e s t a t e i n E i m p l i e s 
s e l e c t i v e l y u n i f o r m l y s t a t e - c o n t r o l l a b l e s y s t e m i n E [ S C ( I , 2222) <==> 
S C ( I , 5 5 5 5 ) ] , a p r o p e r s t a t e i n E i m p l i e s s t a t e p r o p e r s y s t e m i n E 
[ S C ( I I , 2222) <=^ S C ( I I , 5 5 5 5 ) ] and normal s t a t e i n E i m p l i e s s t a t e -
norma l s y s t e m i n E [ S C ( I I I , 2222) <=> S C ( I I I , 5 5 5 5 ) ] . F i n a l l y , i f 
some i n i t i a l s t a t e x i s c o n t r o l l a b l e i n E , t h e n a l l s t a t e s x ( t ) 
-^o — 
E E a r e c o n t r o l l a b l e i n E . S p e c i f i c a l l y , t h i s means t h a t a s e l e c ­
t i v e l y u n i f o r m l y c o n t r o l l a b l e s t a t e i m p l i e s s e l e c t i v e l y u n i f o r m l y s t a t e 
c o n t r o l l a b l e s y s t e m [ S C ( I , 3333) < = > S C ( I , 6 6 6 6 ) ] ; p r o p e r s t a t e i m p l i e s 
s t a t e - p r o p e r s y s t e m [ S C ( I I , 333) < = = > S C ( I I , 6 6 6 6 ) ] ; and n o r m a l s t a t e 
i m p l i e s s t a t e - n o r m a l s y s t e m [ S C ( I I I , 3333) <^> S C ( I I I , 6 6 6 6 ) ] . 
Hence , t h e number of d i f f e r e n t t y p e s of s t a t e c o n t r o l l a b i l i t y i s 
c o n s i d e r a b l y r e d u c e d f o r l i n e a r t i m e - i n v a r i a n t s y s t e m s . These t y p e s a r e 
p r e s e n t e d c o n c i s e l y i n T a b l e l a . A d i a g r a m of b a s i c i m p l i c a t i o n s i s 
shown i n T a b l e l b . 
I t i s e a s y t o v e r i f y t h a t t h e s i t u a t i o n i s q u i t e s i m i l a r w i t h r e ­
s p e c t t o o u t p u t c o n t r o l l a b i l i t y , o b s e r v a b i l i t y , s t a t e i n v a r i a n c e and o u t ­
p u t i n v a r i a n c e . 
There i s o n l y one d i f f e r e n c e : a s y s t e m i s i - t h s t a t e i n v a r i a n t 
o r p r o p e r i n v a r i a n t w i t h r e s p e c t t o t h e o v e r a l l i n p u t u_r , i f and 
L V 1 J 
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o n l y i f i t i s i n v a r i a n t w i t h r e s p e c t t o each of t h e i n p u t components 
u . r , , j = 1 , 2 , r , s e p a r a t e l y . Hence , p r o p e r i - t h s t a t e i n -
J L V 1 J 
v a r i a n t s y s t e m i m p l i e s n o r m a l i - t h s t a t e i n v a r i a n t s y s t e m [ S I ( I I , 4444) 
<=> S I ( I I I , 4 4 4 4 ) ] ; p r o p e r s t a t e i n v a r i a n t s y s t e m i n E i m p l i e s n o r m a l 
s t a t e i n v a r i a n t s y s t e m i n E [ S I ( I I , 5555) <=> S I ( I I I , 5 5 5 5 ) ] ; and 
p r o p e r s t a t e i n v a r i a n t s y s t e m i m p l i e s n o r m a l s t a t e i n v a r i a n t s y s t e m 
[SI ( I I , 6666) <=> SI ( I I I , 6 6 6 6 ) ] . Th i s i m p l i c a t i o n w i l l f o l l o w immedi ­
a t e l y from t h e n e c e s s a r y and s u f f i c i e n t c o n d i t i o n s f o r s t a t e i n v a r i a n c e 
d i s c u s s e d l a t e r i n t h i s c h a p t e r . The above s t a t e m e n t h o l d s f o r o u t p u t 
i n v a r i a n c e as w e l l . However, i t does n o t h o l d f o r s t a t e o r o u t p u t c o n ­
t r o l l a b i l i t y , and f o r o b s e r v a b i l i t y . 
The d i s t i n c t t y p e s of o u t p u t c o n t r o l l a b i l i t y , o b s e r v a b i l i t y and 
s t a t e and o u t p u t i n v a r i a n c e of l i n e a r t i m e - i n v a r i a n t s y s t e m s a r e p r e ­
s e n t e d i n T a b l e s 2a t h r o u g h 5 a , w i t h i m p l i c a t i o n s t r u c t u r e s shown i n 
T a b l e s 2b t h r o u g h 5 b . 
6 . 1 . N e c e s s a r y and s u f f i c i e n t c o n d i t i o n s f o r s t a t e c o n t r o l l a ­
b i l i t y . We s h a l l now p r e s e n t t h e t heo rems which s t a t e n e c e s s a r y and s u f ­
f i c i e n t c o n d i t i o n s f o r s t a t e c o n t r o l l a b i l i t y of l i n e a r t i m e - i n v a r i a n t 
s y s t e m s . P r o o f s which a r e n o t r e a d i l y a v a i l a b l e i n t h e e x i s t i n g s u b j e c t 
l i t e r a t u r e , w i l l b e g i v e n i n f u l l . O t h e r w i s e r e f e r e n c e s w i l l b e made t o 
s o u r c e s where p r o o f s can b e f o u n d , and t h e p r o o f s w i l l n o t be r e p e a t e d 
h e r e . 
F i r s t , we s h a l l i n t r o d u c e some f u r t h e r n o t a t i o n . I f A i s a 
m x n m a t r i x w i t h c o n s t a n t e l e m e n t s , we s h a l l d e n o t e by 
a . = [ a . , , a . 0 , . . . a . ] , i = 1 , 2 , m —x. i l » ! 2 ' i n ' ' ' ' 
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T a b l e l a . D i s t i n c t Types of S t a t e C o n t r o l l a b i l i t y of L i n e a r 
T i m e - I n v a r i a n t Dyanmical Sys tems 
C o n t r o l l e d 
V a r i a b l e 
C o n t r o l 
I n p u t 
3j • 1. 2, 
U j [ t it. u J [ t Q , h l Vi • l i 2 i r x . e E . i o i 
3 i = 1, 2, . . . , n 
rx e £ —o 
£ C £ 
x e £ —o 
S C ( I , 4 4 4 4 ) 
S e l e c t i v e l y 
u n i f o r m l y 
i - t h s t a t e -
c o n t r o l l a b l e 
s y s t e m 
S C ( I , 5 5 5 5 ) 
S e l e c t i v e l y 
u n i f o r m l y 
s t a t e - c o n t r o l ­
l a b l e s y s t e m 
i n £ 
S C ( I , 6 6 6 6 ) 
S e l e c t i v e l y 
u n i f o r m l y 
s t a t e - c o n t r o l ­
l a b l e s y s t e m 
S C ( I I , 4 4 4 4 ) 
P r o p e r i - t h 
s t a t e 
component 
S C ( I I , 5 5 5 5 ) 
S t a t e - p r o p e r 
s y s t e m i n £ 
S C ( I I , 6 6 6 6 ) 
S t a t e - p r o p e r 
s y s t e m 
S C ( I I I , 4 4 4 4 ) 
i - t h s t a t e -
normal s y s t e m 
S C ( I I I , 5 5 5 5 ) 
S t a t e - n o r m a l 
s y s t e m i n £ 
S C ( I I I , 6 6 6 6 ) 
S t a t e - n o r m a l 
s y s t e m 
T a b l e l b . S t r u c t u r e of B a s i c 
t r o l l a b i l i t y Types 
Dynamica l Systems 
I m p l i c a t i o n s of S t a t e Con-
of L i n e a r T i m e - I n v a r i a n t 
S C ( I I I , 6 6 6 6 ) S C ( I I , 6 6 6 6 ) => S C ( I , 6 6 6 6 ) 
II II II 
V V <} 
S C ( I I I , 5 5 5 5 ) => S C ( I I , 5 5 5 5 ) => S C ( I , 5 5 5 5 ) 
I _ 4 _ I 
S C ( I I I , 4 4 4 4 ) =^ S C ( I I , 4 4 4 4 ) => S C ( I , 4 4 4 4 ) 
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T a b l e 2 a . D i s t i n c t Types of Ou tpu t C o n t r o l l a b i l i t y of L i n e a r 
T i m e - I n v a r i a n t Dynamica l Systems 
^ ^ - ^ ^ C o n t r o l 
^ * ^ * . * ! E n p u t 
C o n t r o l l e d j [ t Q , t ±] 
3.1 - 1 . 2 r 
U j [ t Q , t x ] 
V a r i a b l e Vi = 1 , 2 r Vy. e R 
' 10 
OC(I , 4444) O C ( I I , 4444) O C ( I I I , 4444) 
S e l e c t i v e l y P r o p e r i - t h i - t h o u t p u t -3± - 1 . 2 , ...,p u n i f o r m l y i - t h o u t p u t 
c o n t r o l l a b l e 
s y s t e m 
o u t p u t 
component 
no rma l s y s t e m 
OC(I , 5555) O C ( I I , 5555) O C ( I I I , 5555) 
S e l e c t i v e l y O u t p u t - p r o p e r O u t p u t - n o r m a l 
R k c R P , 1 < k < p u n i f o r m l y s y s t e m i n R^ s y s t e m i n R^, 
o u t p u t -
c o n t r o l l a b l e 
s y s t e m i n R% 
1 < k < p 
1 < k < p 1 < k < p 
Vy e R P 
^0 
OC(I, 666) O C ( I I , 6666) O C ( I I I , 6666) 
S e l e c t i v e l y O u t p u t - p r o p e r O u t p u t - n o r m a l 
u n i f o r m l y s y s t e m s y s t e m 
o u t p u t -
c o n t r o l l a b l e 
s y s t e m 
T a b l e 2 b . S t r u c t u r e of B a s i c I m p l i c a t i o n s of O u t p u t 
C o n t r o l l a b i l i t y Types of L i n e a r Time-
I n v a r i a n t Dynamica l Sys tems 
O C ( I I I , 6666) ==> O C ( I I , 6666) OC(I , 6666) 
_ I I __ I 
O C ( I I I , 5555) => O C ( I I , 5555) OC(I, 5555) 
_ 1 1 _ 1 
O C ( I I I , 4444) O C ( I I , 4444) => OC(I , 4444) 
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T a b l e 3 a . D i s t i n c t Types of O b s e r v a b i l i t y of 
L i n e a r T i m e - I n v a r i a n t Dynamica l Sys tems 
I d e n t i f i e d 
V a r i a b l e 
Observed 
V a r i a b l e 
y j [ t Q , t l ] 
3.1 = 1 , 2 , . . . , p 
y j [ t 0 , TJ] 
V\ = 1 , 2 , . . . , p 
Vx. e E. 
I O 1 
3i = 1 , 2 , 
n 
OB(I , 4 4 4 4 ) 
S e l e c t i v e l y u n i ­
formly i - t h s t a t e 
o b s e r v a b l e s y s t e m 
O B ( I I , 4 4 4 4 ) 
P r o p e r i - t h 
s t a t e o b s e r ­
v a b l e s y s t e m 
O B ( I I I , 4 4 4 4 ) 
Normal i - t h 
s t a t e o b s e r ­
v a b l e s y s t e m 
Vx £ E 
"^O 
E C E 
OB(I , 5 5 5 5 ) 
S e l e c t i v e l y u n i ­
formly o b s e r v a b l e 
s y s t e m i n E 
O B ( I I , 5 5 5 5 ) 
P r o p e r o b s e r -
a b l e s y s t e m 
i n E 
O B ( I I I , 5 5 5 ) 
Normal o b s e r -
b l e s y s t e m 
i n E 
Vx £ E —o OB(I , 6 6 6 6 ) S e l e c t i v e l y u n i ­
formly o b s e r v a b l e 
s y s tern 
O B ( I I , 6 6 6 6 ) 
P r o p e r o b s e r -
a b l e s y s t e m 
O B ( I I I , 6 6 6 6 ) 
Normal o b s e r ­
v a b l e s y s t e m 
Tab le 3 b . S t r u c t u r e of B a s i c I m p l i c a t i o n s of O b s e r v a b i l i t y 
Types of L i n e a r T i m e - I n v a r i a n t Dynamica l Sys tems 
O B ( I I I , 6 6 6 6 ) =*> O B ( I I , 6 6 6 6 ) => OB(I , 6 6 6 6 ) 
Jl I J 
O B ( I I I , 5 5 5 5 ) =̂ > O B ( I I , 5 5 5 5 ) => OB( I , 5 5 5 5 ) 
\ I J 
O B ( I I I , 4 4 4 4 ) => O B ( I I , 4 4 4 4 ) => OB(I , 4 4 4 4 ) 
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T a b l e 4 a . D i s t i n c t Types of S t a t e I n v a r i a n c e of L i n e a r -
Time I n v a r i a n t Dynamical Sys tems 
I n v a r i a n t 
Q u a n t i t y 
I n p u t 
^ V a r i a b l e 
. J i = 1 , 2 , . . . , r 
- 3 t t o , t ± ] 
.1 - 1 , 2 , . . . , k 
x . ( t ) e E., 1 i* 
V x . e 
10 
i = 1 , 2 , . . . n 
E . l 
S I ( I , 4444) 
S e l e c t i v e l y u n i ­
formly i - t h s t a t e 
i n v a r i a n t s y s t e m 
S I ( I I , 4444) 
P r o p e r i - t h 
s t a t e i n v a r i ­
a n t s y s t e m 
S I ~ ( I I I , 4444) 
Normal i - t h 
s t a t e i n ­
v a r i a n t 
s y s t e m 
x ( t ) e E 
Z c Z and x e E —o 
Sl" ( I , 5555) 
S e l e c t i v e l y u n i ­
formly s t a t e -
i n v a r i a n t sy s t em 
i n E 
S I ( I I , 5555) 
P r o p e r s t a t e -
i n v a r i a n t 
s y s t e m i n E 
S l " ( I I I , 5555) 
Normal s t a t e -
i n v a r i a n t 
s y s t e m i n E 
x ( t ) e E 
V x e E —o 
S I ( I , 6666) 
S e l e c t i v e l y u n i ­
formly s t a t e -
i n v a r i a n t s y s t e m 
SI ( I I , 6666) 
P r o p e r s t a t e -
i n v a r i a n t 
s y s t e m 
S T ( I I I , 6666) 
Normal s t a t e -
i n v a r i a n t 
s y s t e m 
T a b l e 4 b . S t r u c t u r e of B a s i c I m p l i c a t i o n s of S t a t e I n v a r i a n c e 
Types of L i n e a r T i m e - I n v a r i a n t Dynamical Sys tems 
SI ( I I I , 6666) S I ( I I , 6666) =̂ > S I ( I , 6666) 
V I I 
S I ( I I I , 5555) ST ( I I , 5555) => SI~(I, 5555) 
II II II 
V V V 
S I ( I I I , 4444) <=> S I ( I I , 4444) => S I ( I , 4444) 
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T a b l e 5 a . D i s t i n c t Types of Outpu t I n v a r i a n c e of 
L i n e a r T i m e - I n v a r i a n t Dynamical Sys tems 
I n p u t 
Va r i ab l e 
I n v a r i a n t 
Q u a n t i t y 
u j [ t 0 , t l i 
j> j = 1> 2 
* , * * > „ 
u J [ t 0 , h ] 
j » j = 1 , 2 
y 1 ( t ) e R ± > i - 1 , 2 , 
Vy. e R. 
y io 1 
±(t) e R Q , R Q c R 
VJLQ e R Q 
X ( t ) e R P 
e R* 
0 1 ( 1 , 4 4 4 4 ) 
S e l e c t i v e l y 
u n i f o r m l y 
i - t h o u t p u t 
i n v a r i a n t 
s y s t e m 
0 1 ( 1 , 5 5 5 5 ) 
S e l e c t i v e l y 
u n i f o r m l y 
o u t p u t i n ­
v a r i a n t 
s y s t e m i n R 
0 1 ( 1 , 6 6 6 6 ) 
S e l e c t i v e l y 
u n i f o r m l y 
o u t p u t -
i n v a r i a n t 
s y s tern 
0 1 ( 1 1 , 4 4 4 4 ) 
P r o p e r i - t h 
o u t p u t 
i n v a r i a n t 
s y s t e m 
0 1 ( 1 1 , 5 5 5 5 ) 
P r o p e r o u t ­
p u t i n v a r i ­
a n t s y s t e m 
i n Rq 
0 1 ( 1 1 , 6 6 6 6 ) 
P r o p e r o u t ­
p u t i n v a r i ­
a n t s y s t e m 
0 1 ( 1 1 1 , 4 4 4 4 ) 
Normal i - t h 
o u t p u t 
i n v a r i a n t s y s t 
s y s t e m 
0 1 ( 1 1 1 , 5 5 5 5 ) 
Normal o u t p u t 
i n v a r i a n t 
s y s t e m i n R Q 
0 1 ( 1 1 1 , 6 6 6 6 ) 
Normal o u t p u t -
i n v a r i a n t 
s y s t e m 
T a b l e 5 b . S t r u c t u r e of B a s i c I m p l i c a t i o n s of O u t p u t I n v a r i ­
ance Types of L i n e a r T i m e - I n v a r i a n t Dynamical 
Sys tems 
0 1 ( 1 1 1 , 6 6 6 6 ) <=> 0 1 ( 1 1 , 6 6 6 6 ) <=̂ > 0 1 ( 1 , 6 6 6 6 ) 
II If 11 
V V V 
0 1 ( 1 1 1 , 5 5 5 5 ) <=> 0 1 ( 1 1 , 5 5 5 5 ) < ^ 0 1 ( 1 , 5 5 5 5 ) 
_ I _ I _ i 
0 1 ( 1 1 1 , 4 4 4 4 ) <=> 0 1 ( 1 1 , 4 4 4 4 ) <=̂ > 0 1 ( 1 , 4 4 4 4 ) 
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t h e i - t h row v e c t o r of t h e m a t r i x A, and by 
a . , j = 1 , 2 , . . . , n 





C o n s i d e r now t h e l i n e a r t i m e - i n v a r i a n t s y s t e m ( 5 . 2 ) . We s h a l l 
d e n o t e by r(s) t h e m a t r i x 
r(s) = [ I s - A] 
where s i s some v a r i a b l e . U s u a l l y t h i s w i l l b e t h e v a r i a b l e i n t h e 
f r e q u e n c y domain of a L a p l a c e t r a n s f o r m of some t i m e f u n c t i o n , i . e . , 
T ( s ) = ( t ) } . The d e t e r m i n a n t of a m a t r i x w i l l b e d e n o t e d by 
d e t , f . e . 
d e t r(s) = d e t [ I s - A ] 
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By 
1 r 3 ( s ) " 
s a n a 1 2 
a 2 1 S a 2 2 
a 3 1 a 3 2 
- a i l l 
" a l i - l b l j a l , i + l *•• 
a 2 , i - l b 2 j a 2 , i + l 
a 3 i - l b 3 j a 3 , i + l 
a 0 • • • a , .• b . —a . . -, 
n2 n i - 1 n j n, l + l 
- a i n 
- a 2n 
- a 3n 
s - a nn 
we s h a l l d e n o t e t h e m a t r i x T(s ) w i t h i - t h column s u b s t i t u t e d by t h e 
j - t h column of some o t h e r m a t r i x B. 
Now we s h a l l i n t r o d u c e t h e p r i n c i p a l t h e o r e m s . 
Theorem S C ( I , 4 4 4 4 ) . The l i n e a r t i m e - i n v a r i a n t s y s t e m ( 5 . 2 ) i s 
s e l e c t i v e l y u n i f o r m l y i - t h s t a t e c o n t r o l l a b l e by t h e j - t h i n p u t component 
U j [ t t ] ' ^ = 1 ' 2 ' • " , r ' W i t h \ [ t t ] = 0 f o r k ^ J» i.e., t h e 
s y s t e m i s of t h e t y p e S C ( I , 4 4 4 4 ) , i f and on ly i f d e t ^T^ ( s ) i s n o t 
e q u a l t o z e r o . Here 9 t h e m a t r i x 1 H ( s ) i s o b t a i n e d from t h e m a t r i x 
r(s) r e p l a c i n g i t s i - t h column by t h e j - t h column of t h e m a t r i x B . 
P r o o f . Assume t h a t t h e s y s t e m i s c o n t r o l l a b l e , i . e . , t h e r e e x i s t s 
* * T *) some c o n t r o l u.̂  ( t ) = [ 0 , u_. ( t ) , . . . 0 ] such t h a t t h e v a l u e 
of t h e i - t h s t a t e component x ^ a t t i m e t = 0 can be changed t o any 
o t h e r v a l u e x . , a t t i m e > t . S u b s t i t u t i n g u . ( t ) i n t o s y s t e m 
I 1 1 o J 
e q u a t i o n ( 5 . 2 ) , we g e t 
) A d e n o t e s t h e t r a n s p o s e of t h e m a t r i x A. 
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x ( t ) = A x ( t ) + B H * ( t ) 
= A x ( t ) + b u * ( t ) ( 6 . 1 ) 
Taking t h e L a p l a c e t r a n s f o r m of t h e e q u a t i o n ( 6 . 1 ) , we can w r i t e 
s x ( s ) ~ x ( ° ) = A x ( s ) + b_.j U j ^ S ^ 
W i t h o u t l o s s of g e n e r a l i t y we can assume x(o) = 0 ,̂ so t h a t 
( s i - A) x ( s ) = b ^ u * ( s ) 
where I i s t h e u n i t y m a t r i x . I n expanded form we h a v e 
(s-a^) x 1 ( s ) - a 1 2 x 2 ( s ) - . . . - a l n x n ( s ) = b ^ u j ( s ) 
it 
" a 2 1 x i ^ s ^ + ( s " a 2 2 ^ x 2 ^ s ^ • • • " a 2 n X n ^ = b 2 j U j ^ 
( 6 . 2 ) 
it 
- a -. x ( s ) - a 0 x _ ( s ) - . . . + ( s - a ) x ( s ) = b . u . ( s ) n l 1 n2 I nn n n j j 
The s o l u t i o n of t h e above s y s t e m of e q u a t i o n s f o r x ^ ( s ) , i = 
1 , 2 , n , i s by C r a m e r ' s r u l e u n i q u e f o r d e t T ( s ) f 0 and i s e q u a l 
t o 
5 3 
d e t 
s - a 11 - a 12 ' a l , i - l b l j U j ( s ) - a l , i + l . . . - a I n 
- a 21 s - a 22 ' a 2 , i - l b 2 j U j ( s ) - a 2 , i + l " . . - a 2n 
- a h i - a n2 
•a _ b u . ( s ) n , i - l n j j - a n i + 1 . . - s - a nn 
x . ( s ) = 
d e t r(s) 
I t i s c l e a r by i n s p e c t i o n t h a t t h e d e t e r m i n a n t of t h e m a t r i x r(s) 
f o r t h e s y s t e m ( 5 . 2 ) i s n e v e r i d e n t i c a l l y z e r o f o r a r b i t r a r y v a l u e s of 
s , h e n c e t h e above s o l u t i o n i s u n i q u e . The n u m e r a t o r of t h e above e x ­
p r e s s i o n i s t h e c o e f f i c i e n t m a t r i x of t h e l e f t hand s i d e of t h e s y s t e m of 
Eq. ( 6 . 2 ) w i t h t h e i - t h column r e p l a c e d by t h e e x p r e s s i o n s of t h e r i g h t 
s i d e . We can r e w r i t e i t a s f o l l o w s : 
d e t 
s a l l " a 1 2 *•• a l , i - l b l j a l , i + l *•• " a l n 
" a 2 1 s " a 2 2 " a 2 i - l b 2 j " a 2 , i + l *•• " a 2 n 
—a .j - a - — - a . - b . - a . , - - — s - a n l n2 n , i - l n j n , i + l nn 
u * ( s ) 
x . ( s ) = 
d e t r(s) 
o r 
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x . ( s ) det Vte) det r(s) -Jo 
C l e a r l y , s i n c e t h e o r d e r of d e t ^T^ ( s ) i s a lways s m a l l e r t h a n t h e o r d e r 
of d e t T ( s ) = d e t [ s I - A ] , t h e n e c e s s a r y c o n d i t i o n t h a t t h e s o l u t i o n 
X i ( t l > -
- 1 { x . ( s ) } 1 
f * = ' $ ( t , t ) u . ( t ) d t 
would e x i s t f o r a r b i t r a r y v a l u e s x . ( t . . ) f o r some t , > t i s t h a t 
J l 1 1 o 
d e t V(s) 4 0 . 
S u f f i c i e n c y of t h i s c o n d i t i o n i s s e l f - e x p l a n a t o r y . 
Example 1 . The X l ( t ) component of t h e s y s t e m 
1 1 1 0 
x ( t ) = x ( t ) + u ( t ) 
0 0_ 0 1 
c o n t r o l l a b l e by t h e u component of t h e i n p u t v e c t o r 
b e c a u s e 
d e t 1r 1 ( s ) = d e t 
1 - 1 
0 s 
4 0 
I t i s a l s o c o n t r o l l a b l e by t h e u 2 ^ t ) component of t h e i n p u t 
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u ( t ) s i n c e 
1 2 
d e t r ( s ) = d e t 
ro - 1 ' 
L l s J 
4 0 
The component x^Ct ) of t h e s y s t e m i s , howeve r , n o t c o n t r o l l a b l e 
by t h e component u ^ ( t ) of t h e i n p u t u_(t) s i n c e 
d e t 2r 1 ( s ) = d e t 
s - 1 1 
0 0 —' 
= 0 
An a l t e r n a t i v e f o r m u l a t i o n of t h e i n v a r i a n c e c r i t e r i o n , which i s o f t e n 
c o n v e n i e n t t o a p p l y i n d e s i g n p r o b l e m s , i s g i v e n by t h e f o l l o w i n g . 
C o r o l l a r y SC ( I , 4 4 4 4 ) . The l i n e a r t i m e - i n v a r i a n t s y s t e m ( 5 . 2 ) 
i s s e l e c t i v e l y u n i f o r m l y i - t h s t a t e c o n t r o l l a b l e by t h e j - t h i n p u t com­
p o n e n t , i f and o n l y i f t h e r e i s a t l e a s t one n o n - z e r o e l e m e n t i n t h e i - t h 
row of t h e m a t r i x 
b . : A b . : A
n ~ l i. 
• >-.j 
where b . i s t h e i - t h column v e c t o r of t h e m a t r i x B. 
— J 
P r o o f . With u * ( t ) = [ 0 , 0 , ^ ( t ) , 0 0 ] T , where u j ( t ) 
i s t h e j - t h component of t h e v e c t o r u , ( t ) , and t = 0 , t h e s o l u t i o n of 
t h e d i f f e r e n t i a l e q u a t i o n ( 5 . 2 ) i s 
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t 
x ( t ) = e A t x + / e A ( t " T ) B U*(X) dx 
~ ° 0 ~ J 
t 
At , / A ( t - x) , / \ A e x + i. e b , u . ( x ) dx 
-D 0 — j j 
The i - t h component of t h e s t a t e v e c t o r x(t) i s t h e n e q u a l t o 
x . ( t ) = [ e A t ] ± . 2SQ Q t e A ( t " t ) ] ± . k.f^M dx 
where 
At A ( t - x) [e ] and [e ] a r e t h e i - t h row v e c t o r s of t h e ma-
At A( t - x) t r i x e and e , r e s p e c t i v e l y . 
S i n c e , by h y p o t h e s i s , t h e component x ^ ( t ) of t h e s t a t e v e c t o r 
x(t) i s c o n t r o l l a b l e , t h e r e e x i s t s t ime t ^ > t Q and some i n p u t u j ( t ) 
e U such t h a t 
0 = 
At. 
x + A ( t - x) 
± . k . j U * (x) dx 
o r 
Ht± - x) . b . u . ( t ) dx At. . x 
I •—o 
( 6 . 3 ) 
O b s e r v i n g t h a t 
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A ( t x - T) - A ( T - t x ) 
e = e 
p=0 P ' 
and s i n c e , a c c o r d i n g t o C a y l e y - H a m i l t o n t h e o r e m , e v e r y n x n m a t r i x s a t i s ­
f i e s i t s c h a r a c t e r i s t i c e q u a t i o n , i t f o l l o w s t h a t 
- A ( T - O n - l L f (T 
cc=Q oc ( ) A 
where t h e f^Ct) a r e s c a l a r v a l u e d f u n c t i o n s of T . S u b s t i t u t i n g i n 
Eq. ( 6 . 3 ) we o b t a i n 
Z 1 
n - l 
I f (T ) A C 
«=0 
b .U.(T) dx 
At. 
. x i •—o 
Thi s i s e q u a l t o 
n - l 
I 
<r=0 L J i 
-•j 8 « ( t l > 
At. 
. x^ i — ° ( 6 . 4 ) 
where 
= / f«c(T) t l j(T) dT 
5 8 
For t h e Eq. ( 6 . 4 ) t o h o l d f o r a r b i t r a r y i n i t i a l c o n d i t i o n s x^ » t n e 
n e c e s s a r y c o n d i t i o n i s t h a t t h e c o e f f i c i e n t s of g ^ t ^ ) would n o t b e 
i d e n t i c a l l y z e r o , i . e . , t h a t a t l e a s t one v a l u e 
f o r <* = 0, 1, n - l . T h i s i s e q u i v a l e n t t o s a y i n g t h a t t h e i - t h row 
of t h e m a t r i x 
Q. = [b . ! A b . I ... I A n _ 1 b . ] 
J — J — J — J 
would c o n t a i n a t l e a s t one n o n - z e r o e l e m e n t . 
To p r o v e t h e s u f f i c i e n c y , we n o t e t h a t i n Eq. ( 6 . 3 ) we can a lw ay s 
c h o o s e 
U*(T) 
J 
t l [ e A ( t l - T ) ] . b 1---J 
w h e r e k i s a r e a l number e q u a l t o 
At 
k = - [e ^ Q.E.D, 
Example 2 . I n t h e p r e c e d i n g example of t h e s y s t e m 
x ( t ) = 
"1 r "l (T 
— x ( t ) + 
0 0_ _0 1_ 
u ( t ) 
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As we s e e , t h e r e a r e n o n - z e r o e l e m e n t s i n t h e 1 - s t row of t h e m a t r i x 
Qy Hence , t h e component x ^ ( t ) of t h e s t a t e v e c t o r x_(t) i s c o n t r o l ­
l a b l e by t h e component u-^(t) of t h e i n p u t v e c t o r u_(t) . On t h e o t h e r 
h a n d , t h e s econd row of t h e m a t r i x h a s no n o n - z e r o e l e m e n t s , and 
t h e r e f o r e t h e component x 2 ^ t ) ^ s n o t c o n t r o l l a b l e by t h e component 
u 2 ( t ) . 
These r e s u l t s a r e t h e same as t h e r e s u l t s o b t a i n e d u s i n g p r e v i o u s 
c r i t e r i a , w h i c h , of c o u r s e , had t o b e e x p e c t e d . 
The g e n e r a l i z a t i o n t o more t h a n one component of t h e c o n t r o l i n ­
p u t v e c t o r i i ( t ) i s s t r a i g h t f o r w a r d , and w i l l b e p r e s e n t e d h e r e w i t h o u t 
p r o o f . 
Theorem S C ( I I , 4 4 4 4 ) : The i - t h s t a t e component of t h e s y s t e m 
( 5 . 2 ) i s p r o p e r i f and on ly i f 
d e t ^ ( s ) 4 0 
fo r some j , j = 1, 2 , . . . , r 
Example 3 . The component x 2 ( t ) of t h e s y s t e m 
* ( t ) = 
1 0 
x ( t ) + 
0 0 
1 2 1 0 
u ( t ) 
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i s p r o p e r , s i n c e 
2 1 
d e t r ( s ) = d e t 
s - 1 0 




d e t r ( s ) = d e t 
s - 1 0 
- 1 0 
= 0 
However, t h e component x ^ ( t ) of t h i s s y s t e m i s n o t p r o p e r , s i n c e 
b o t h 
and 
d e t 1 r 1 ( s ) = d e t 
d e t 1 r 2 ( s ) = d e t 
0 0 
1 8-2 
" o 0 
0 s - 2 
= 0 
= 0 
C o r o l l a r y S C ( I I , 4 4 4 4 ) . The i - t h s t a t e component of t h e s y s t e m 
( 5 . 2 ) i s p r o p e r i f and o n l y i f t h e r e i s a t l e a s t one n o n - z e r o e l e m e n t i n 
t h e i - t h row of t h e m a t r i c e s 
Q. = [b . I A b . I ... i A n 1 b . ] 
3 — 3 ~ ' 3 ~ ' 3 
f o r some j = 1 , 2 , r . 
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Example 4 . I n t h e p r e v i o u s example of t h e s y s t e m 
x ( t ) = 
1 0 
1 2 
x ( t ) + 
0 0 
1 0 







S i n c e no e l e m e n t i n t h e f i r s t row of and i s n o n - z e r o , t h e 
x ^ ( t ) component of x ( t ) i s n o t p r o p e r . The component x ^ ( t ) i s 
p r o p e r . 
Theorem S C ( I I I , 4 4 4 4 ) . The l i n e a r t i m e - i n v a r i a n t s y s t e m ( 5 . 2 ) 
i s i - t h s t a t e - n o r m a l i f and o n l y i f 
d e t ^ ( s ) 4 0 
f o r a l l j , j = 1 , 2 , . . . , r . 
C o r o l l a r y S C ( I I I , 4 4 4 4 ) . The l i n e a r t i m e - i n v a r i a n t s y s t e m ( 5 . 2 ) 
i s i - t h s t a t e - n o r m a l i f and o n l y i f t h e i - t h rows of each of t h e ma­
t r i c e s 
h a v e a t l e a s t one n o n - z e r o e l e m e n t f o r a l l j = 1 , 2 , . . . , r . 
Example: For t h e s y s t e m i n t h e p r e c e d i n g e x a m p l e , i . e . , 
i cT ~0 0 
x ( t ) = x ( t ) + 
1 2 1 0 
n e i t h e r t h e component x ^ ( t ) no r t h e component x ^ ( t ) of t h e s t a t e 
v e c t o r i s n o r m a l . 
Next we s h a l l g i v e w i t h o u t p roof t h e w e l l known c r i t e r i a f o r com­
p l e t e c o n t r o l l a b i l i t y , which f o r l i n e a r t i m e i n v a r i a n t s y s t e m s i m p l i e s 
(and i s i m p l i e d by) s t a t e - p r o p e r s y s t e m . 
Theorem S C ( I I , 6 6 6 6 ) . The s y s t e m ( 5 . 2 ) i s s t a t e - p r o p e r ( o r com­
p l e t e l y s t a t e c o n t r o l l a b l e ) i f t h e c o m p o s i t e m a t r i x 
Q = [B ! AB I A 2B ! . . . I A 1 1 " 1 B] 
i s of f u l l r a n k [ 1 5 ] , 
Example 5 . The s y s t e m 
~0 1~ i (f 
x ( t ) + 
2 2 1 2 
i s s t a t e - p r o p e r s i n c e t h e m a t r i x 
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1 0 1 2 
Q = [B *. AB] = 
1 2 4 4 
i s of f u l l r a n k ( i . e . , of r a n k 2 ) . 
I t i s e a s y t o s e e how Theorem S C ( I I , 6 6 6 6 ) can b e a p p l i e d t o o b ­
t a i n t h e n e c e s s a r y and s u f f i c i e n t c o n d i t i o n s f o r s e l e c t i v e l y u n i f o r m l y 
s t a t e - c o n t r o l l a b l e [ S C ( I , 6 6 6 6 ) ] and s t a t e - n o r m a l [ S C ( I I , 6 6 6 6 ) ] s y s t e m s . 
O b s e r v i n g t h a t 
we can i m m e d i a t e l y f o r m u l a t e 
Theorem S C ( I , 6 6 6 6 ) . The s y s t e m ( 5 . 2 ) i s s e l e c t i v e l y u n i f o r m l y 
s t a t e - c o n t r o l l a b l e by t h e i n p u t component u ^ ( t ) , j = 1 , 2 , . . .r . , i f and 
o n l y i f t h e n x n m a t r i x 
B u ( t ) = [bml; b < 2 . . . b # r ] 
= b - u - C t ) + b . 0 u _ ( t ) + . . + b u ( t ) — 1 1 —'2 2 — r r 
Q. = [b . : A b u , . . • • A " " 1 b. 
i s of r a n k n , o r d e t 4 0 . 
Theorem S C ( I I I , 6 6 6 6 ) . The s y s t e m ( 5 . 2 ) i s s t a t e - n o r m a l i f and 
on ly i f t h e n x n m a t r i c e s 
a r e of r a n k n f o r a l l j = 1 , 2 , r , o r d e t ^ 0 f o r a l l 
j = 1 , 2 , r . 
Example 6 . The s y s t e m 
~0 1 "l 0™ 
x ( t ) = 
1 0 
x ( t ) + 
1 2 
i s s e l e c t i v e l y u n i f o r m l y s t a t e c o n t r o l l a b l e b e c a u s e 




b u t i t i s n o t s t a t e no rma l s i n c e 




Weiss and Kalman have shown t h a t t h e s e t R(Q) of a l l c o n t r o l l a b l e 
s t a t e s of t h e s y s t e m ( 5 . 2 ) s p a n a s u b s p a c e of E which i s i n v a r i a n t 
unde r t h e t r a n s f o r m a t i o n A. [ 2 8 6 ] . The b a s i s of t h i s s e t of c o n t r o l l a ­
b l e s t a t e s i s t h e s e t of l i n e a r l y i n d e p e n d e n t column v e c t o r s of t h e ma­
t r i x Q ( o r Q_. f o r some j = 1 , 2 , . . . , r ) [ 1 5 ] . We s h a l l now s t a t e 
and p r o v e theo rems r e g a r d i n g t h e c o n t r o l l a b i l i t y of t h e s y s t e m ( 5 . 2 ) i n 
some s u b s p a c e of t h e s t a t e s p a c e E. 
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Theorem S C ( I , 5 5 5 5 ) . The sys t em ( 5 . 2 ) i s s e l e c t i v e l y u n i f o r m l y 
s t a t e c o n t r o l l a b l e i n t h e s u b s p a c e £ of t h e s t a t e s p a c e £ , i f and 
o n l y i f t h e p r o j e c t i o n of t h e s e t of c o n t r o l l a b l e s t a t e s , Q c , on t h e 
s u b s p a c e £ s p a n s t h e whole s u b s p a c e £ . 
P r o o f . Assume t h e sys t em ( 5 . 2 ) i s s e l e c t i v e l y u n i f o r m l y s t a t e 
c o n t r o l l a b l e i n t h e s u b s p a c e E of d i m e n s i o n k < n . Then t h e r e e x i s t s 
a s e t of v e c t o r s {x^ , x ^ , ^ } i n E which s p a n t h e whole of E 
i . e . , a r e t h e b a s i s of E . L e t b e t h e p r o j e c t i o n o p e r a t o r which 
p r o j e c t s c o n t r o l l a b l e s t a t e s x. G Q c o n ^ • O b v i o u s l y , Q c must c o n ­
t a i n a t l e a s t k column v e c t o r s x , , . . . , x, such t h a t E, x , = £ , , 
—1 —k k —1 —1 
E^ x_2 = i<2» . . . , E^ x ^ = x^ . Hence , t h e p r o j e c t i o n of Q c on t h e s u b -
s p a c e £ s p a n s t h e who le s u b s p a c e . 
To p r o v e t h e " o n l y i f " p o r t i o n of t h e t h e o r e m , assume t h a t t h e 
p r o j e c t i o n of Q c on E s p a n s t h e whole of E . Then t h e r e i s a s e t 
of c o n t r o l l a b l e s t a t e s (x.^, x ^ , . . . , x^} i n E such t h a t any o t h e r 
e l e m e n t i n E i s a l i n e a r c o m b i n a t i o n of t h e s e v e c t o r s . Hence , t h e 
sys t em i s c o n t r o l l a b l e i n E. 
C o r o l l a r y S C ( I , 5 5 5 5 ) . C o n s i d e r t h e s y s t e m ( 5 . 2 ) and l e t be 
t h e n x n m a t r i x d e f i n e d 
Q . = [b A n 1 b . ] 
J — J J 
F u r t h e r , l e t E^ b e t h e p r o j e c t o r ( l i n e a r t r a n s f o r m a t i o n o p e r a t o r ) such 
t h a t E^x = x and x_ e £ f o r a l l x_ e £ . Then t h e s y s t e m i s s e l e c t i v e l y 
u n i f o r m l y s t a t e c o n t r o l l a b l e i n t h e s u b s p a c e £ of d i m e n s i o n k by t h e 
i n p u t component i f a n c * on ly i f t h e m a t r i x 
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n - l E. Q. = [E. b . E. A b . . . . ". E. A b . 
k J k — j k — 3 k —j 
i s of t h e r a n k r >, k , where k i s t h e d i m e n s i o n of t h e s u b s p a c e E. 
The p roof f o l l o w s i m m e d i a t e l y from t h e p r e c e d i n g t h e o r e m . 
Example 7 . C o n s i d e r t h e l i n e a r t i m e - i n v a r i a n t d y n a m i c a l s y s t e m 
g i v e n by t h e e q u a t i o n 
1 0 0 1 1 
x ( t ) = 0 1 0 x ( t ) + 1 1 
0 0 2 1 1 
u ( t ) 
I s t h a t s y s t e m s e l e c t i v e l y u n i f o r m l y c o n t r o l l a b l e by u ^ ( t ) i n t h e sub-
T T s p a c e E g e n e r a t e d by t h e v e c t o r s [ x ^ , 0 , 0] and [ 0 , x 2 , 0] ? 
W e l l , t h e s e t of c o n t r o l l a b l e s t a t e s by u ^ ( t ) i s t h e l i n e a r l y i n d e ­
p e n d e n t s e t of t h e column v e c t o r s of t h e m a t r i x 
q1 = [ b # 1 : A b m l I A* h . ^ ] = 
1 1 1 
1 1 1 
1 2 4 
The p r o j e c t o r of t h e s e t (SL,-^ on E i s t h e m a t r i x 
1 0 0 
0 1 0 
0 0 0 
S i n c e t h e p r o j e c t i o n of t h e g e n e r a t o r s s e t {a_ ^} on t h e s u b -
s p a c e E, 
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E 2 <*1 
- — 1 0 0 1 1 1 1 1 1 
0 1 0 X 1 1 1 = 1 1 1 
0 0 0 1 2 4 0 0 0 
- -
_ 
c o n t a i n s o n l y one l i n e a r i n d e p e n d e n t v e c t o r , i . e . , t h e m a t r i x Q-̂  
i s of r a n k r = 1 w i t h r < k (k = 2 ) , t h e sys tem i s n o t c o n t r o l l a b l e 
T 
i n t h e s u b s p a c e E g e n e r a t e d by t h e v e c t o r s [ x ^ , 0 , 0 ] and [ 0 , x ^ , 
T 
0] . I n o t h e r w o r d s , i t i s n o t c o n t r o l l a b l e i n t h e ( x ^ , x^) p l a n e . 
I s i t c o n t r o l l a b l e i n t h e s u b s p a c e E g e n e r a t e d by t h e v e c t o r s 
T T 
[ x ^ , 0 , 0 ] and [ 0 , 0 , x^ ] , v i z . i n t h e ( x ^ , x^) p l a n e ? With ma­
t r i x as above and p r o j e c t o r 
1 0 0 
0 0 0 
0 0 1 
we o b t a i n 
E 2 <*! 
— — — 
1 0 0 1 1 1 1 1 1 
0 0 0 X 1 1 1 = 0 0 0 
0 0 1 1 2 4 1 2 4 
— _ _ 
The above p r o d u c t m a t r i x i s of r a n k r = 2 = k . Hence , t h e s y s t e m i s 
c o n t r o l l a b l e i n t h e s u b s p a c e E , r e p r e s e n t i n g t h e ( x ^ , x^) p l a n e . 
S i m i l a r l y , we can v e r i f y t h a t t h e s y s t e m i s a l s o c o n t r o l l a b l e i n 
T T t h e s u b s p a c e E g e n e r a t e d by t h e v e c t o r s [ 0 , » 0] a n Q < [ 0 , 0 , x^ ] 
We can now e a s i l y f o r m u l a t e t h e n e c e s s a r y and s u f f i c i e n t c o n d i ­
t i o n s f o r t h e r e m a i n i n g two t y p e s of s t a t e c o n t r o l l a b i l i t y , t h e p r o o f s 
of which f o l l o w i m m e d i a t e l y from t h e p r e c e d i n g t h e o r e m s . 
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Theorem S C ( I I , 5 5 5 5 ) . The sys t em ( 5 . 2 ) i s s t a t e p r o p e r i n t h e 
s u b s p a c e E of t h e s t a t e s p a c e £ i f and o n l y i f t h e n x n r m a t r i x 
E k Q = [E B ! E k A B :. E k A 2 B ! . . . E f c A*1 1 B] 
i s of t h e r a n k r > k , where k i s t h e d i m e n s i o n of t h e s u b s p a c e £ 
and E, i s t h e p r o j e c t o r of t h e s e t of c o n t r o l l a b l e s t a t e s Q on £ 
K. C 
a l o n g t h e s p a c e IH- , t h e o r t h o g o n o l complement of t h e s u b s p a c e £ . 
Example 8 . C o n s i d e r t h e s y s t e m of p r e v i o u s e x a m p l e . I s t h i s 
s y s t e m s t a t e p r o p e r ( o r c o m p l e t e l y s t a t e - c o n t r o l l a b l e ) i n t h e s u b s p a c e 
£ g e n e r a t e d by t h e v e c t o r s [ x ^ , 0 , 0] and [ 0 , x 2 , 0 ] ? 
Now, we have 
1 0 0 
= 0 1 0 X 
0 0 0 
— — 
1 1 1 1 1 1 
1 1 1 1 1 1 
1 1 2 2 4 4 
1 1 1 1 1 1 
1 1 1 1 1 1 
0 0 0 0 0 0 
which m a t r i x i s of r a n k r = 1 , r < k . Hence , t h e s y s t e m i s n o t p r o p e r 
i n t h e s u b s p a c e £ , i . e . , t h e ( x ^ , x 2 ) - p l a n e . 
I t i s , h o w e v e r , p r o p e r i n t h e s u b s p a c e s of £ r e p r e s e n t i n g t h e 
( x ^ , x^) - p l a n e and ( x 2 , x^) - p l a n e . 
Theorem S C ( I I I , 5 5 5 5 ) . The s y s t e m ( 5 . 2 ) i s s t a t e n o r m a l i n t h e 
s u b s p a c e £ of t h e s t a t e s p a c e £ i f and on ly i f t h e n x n m a t r i c e s 
E. Q. = [E. b . :. E. A b . I . . . ! E. A 1 1 " 1 b . ] k X J k - * i k — j k — j 
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a r e of t h e r a n k r ^ k , where k i s t h e d i m e n s i o n of t h e s u b s p a c e E 
and E, i s t h e p r o j e c t o r of Q on E , f o r a l l j = 1 , 2 , . . . , r . 
K. C 
Example 9 : C o n s i d e r t h e s y s t e m 
x ( t ) = 
1 0 1 2 0 
0 0 1 x ( t ) + 0 0 
1 0 0 0 1 
u ( t ) 
I s t h i s a s t a t e - n o r m a l s y s t e m i n t h e s u b s p a c e E g e n e r a t e d by t h e v e c ­
t o r s [xr 0 , 0 ] T and [ 0 , x 2 , 0 ] T ? 
Us ing t h e c r i t e r i o n of Theorem S C ( I I I , 5 5 5 5 ) , we v e r i f y t h a t 
E 2 ^ 
— "1 1 0 0 
0 1 0 
0 0 0 
2 2 4 
0 0 2 
0 2 2 
2 2 4 
0 0 2 
0 0 0 
i s of r a n k r = 2 and a l s o 
E 2 ^2 
1 0 0 
0 1 0 
0 0 0 
0 1 1 
0 1 0 
1 0 1 
0 1 1 
0 1 0 
0 0 0 
i s of r a n k r = 2 . S i n c e f o r a l l j , j = 1 , 2 , t h e r a n k of E ? Q. 
i s e q u a l t o t h e d i m e n s i o n of t h e s u b s p a c e k = 2 , we c o n c l u d e t h a t t h e 
above s y s t e m i s s t a t e - n o r m a l i n t h e ( x ^ , x 2 ) - p l a n e . 
6 . 2 . N e c e s s a r y and S u f f i c i e n t C o n d i t i o n s f o r Outpu t C o n t r o l l a ­
b i l i t y . The theorems of o u t p u t - c o n t r o l l a b i l i t y a r e o b t a i n a b l e as an ex­
t e n s i o n of t h o s e of s t a t e - c o n t r o l l a b i l i t y i n a r a t h e r s t r a i g h t f o r w a r d 
manner , a l t h o u g h , as i t h a s been shown by K r e i n d l e r and S a r a c h i k [142] 
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s t a t e - c o n t r o l l a b i l i t y i s n e i t h e r n e c e s s a r y n o r s u f f i c i e n t c o n d i t i o n f o r 
o u t p u t c o n t r o l l a b i l i t y . 
I n t h e s y s t e m u n d e r c o n s i d e r a t i o n , i . e . , 
x ( t ) = A x ( t ) + B u ( t ) 
v_(t) = F x ( t ) + G u ( t ) 
t h e t e rm G u ( t ) r e p r e s e n t s t h e s o - c a l l e d d i r e c t t r a n s m i s s i o n from i n p u t 
t o o u t p u t . I t i s o b v i o u s t h a t t h e e x i s t e n c e of d i r e c t t r a n s m i s s i o n h a s 
no e f f e c t on s t a t e - c o n t r o l l a b i l i t y , b u t i t a lways a i d s o u t p u t - c o n t r o l l a ­
b i l i t y . 
Theorem 0 C ( I , 4 4 4 4 ) . The l i n e a r t i m e - i n v a r i a n t s y s t e m ( 5 . 2 ) i s 
s e l e c t i v e l y u n i f o r m l y i - t h o u t p u t - c o n t r o l l a b l e by t h e j - t h i n p u t com­
p o n e n t u j [ t t ] ' 3 = 2 » •••> r > i f a n d on ly i f 
f.- d e t V ( s ) + f._ d e t 2r J ( s ) + . . . + f, d e t nr J ( s ) + g, . d e t r ( s ) * 0 i l i ^ I n i j 
f. . i s t h e i - t h row i - t h column e l e m e n t of t h e m a t r i x F , g . . i s t h e 
i - t h row j - t h column e l e m e n t of t h e m a t r i x G, and "*T^(s) a r e m a t r i c e s 
T ( s ) w i t h t h e column v e c t o r b . of t h e m a t r i x B s u b s t i t u t e d f o r t h e 
i - t h column of t h e m a t r i x r ( s ) . 
P r o o f . Tak ing t h e L a p l a c e t r a n s f o r m s of t h e Eg. ( 5 . 2 ) , we can 
w r i t e 
X(s) = F x ( s ) + G u ( s ) 
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Assuming t h a t s y s t e m i s i - t h o u t p u t j - t h i n p u t c o n t r o l l a b l e , t h e r e e x i s t s 
some c o n t r o l ( t ) = [ 0 , 0 , û Ct), 0 , 0 ] such t h a t t h e v a l u e 
of t h e i - t h o u t p u t component y ^ Q a t t h e t i m e t = 0 can be changed 
it 
t o any o t h e r v a l u e a t t i m e t^ > t Q . S u b s t i t u t i n g H j ( s ) [ i » e ' » L a p l a c e 
t r a n s f o r m of u ] > a n a " t a k i n g o n l y t h e i - t h component of t h e v e c t o r 
y_(s) , we g e t 
y±M = 11. x ( s ) + g u ( s ) ( 6 . 5 ) 
where f. i s t h e i - t h row v e c t o r of t h e m a t r i x F . 
Assuming z e r o i n i t i a l c o n d i t i o n s f o r t h e s t a t e v a r i a b l e x_(t) , 
i . e . , ) = 2£q = 9. » w e c a n w r i t e , a s i t was shown i n t h e p roo f of 
Theorem S C ( I , 4 4 4 4 ) t h a t 
x . ( s ) d e t
 1rJ(s) *, , 
= d e t r(s) u j ( s ) 
S u b s t i t u t i n g t h i s r e s u l t i n t o Eq. ( 6 . 5 ) , we o b t a i n 
y±(s) d e t r(s) 
detr(s) 
f ± 1 d e t r 3(s) + f d e t r J(s) + 
. . . + f. d e t nr J ( s ) i n 
f ± 1 d e t 1r j ( s ) + f d e t 2r J '(s) + 
it it 
U j ( s ) + g ^ u ( s ) 
. . . + f. d e t nr j ( s ) + g . . d e t r(s) i n i j u * ( s ) 
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S i n c e , i n g e n e r a l , d e t r(s) ^ 0 , t h e n e c e s s a r y c o n d i t i o n t h a t 
t h e i n v e r s e t r a n s f o r m s o £ _^ ( y ^ ( s ) } = y ^ ( t ) assumes any r e a l v a l u e a t 
t i m e t_ > t . i s t h a t 1 o 
f.- d e t 1r J ( s ) + f._ d e t 2r j ( s ) + i l i 2 
. + f. d e t nr^(s ) + g . , d e t r(s) + 0 i n & i j 
I t f o l l o w s i m m e d i a t e l y from what was s a i d i n t h e p roo f of Theorem 
S C ( I , 4444) t h a t t h i s c o n d i t i o n i s a l s o s u f f i c i e n t . 
C o r o l l a r y 0 C ( I , 4 4 4 4 ) . The s y s t e m ( 5 . 2 ) i s s e l e c t i v e l y u n i f o r m l y 
i - t h o u t p u t - c o n t r o l l a b l e by t h e j - t h i n p u t component i f and o n l y i f t h e r e 
i s a t l e a s t one n o n - z e r o e l e m e n t i n t h e i - t h row of t h e n x ( n + 1 ) ma­
t r i x 
P . = [F b . . I F A b . 1 F A 2 b . ! . . . \ F A 1 1 " 1 b . ! g J 
The p r o o f , which w i l l b e o m i t t e d h e r e , f o l l o w s a s i m i l a r p a t t e r n 
l i k e t h e p roo f of t h e C o r o l l a r y S C ( I , 4 4 4 4 ) . F u r t h e r m o r e , t h e above 
c o r o l l a r y can be c o n s i d e r e d a s p e c i a l c a s e of t h e o u t p u t c o n t r o l l a b i l i t y 
i n some o u t p u t s u b s p a c e C R p , w i t h t h e above c o n d i t i o n d e r i v e d from 
t h e c o n d i t i o n s f o r t h e more g e n e r a l c a s e d i s c u s s e d i n t h e f o l l o w i n g 
p a r a g r a p h s . 
Example 10 : C o n s i d e r t h e s y s t e m 
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* < t ) = 
x(t) = 
1 0 
x ( t ) + 
x ( t ) 
0 1 
u ( t ) 
u ( t ) 
I s t h i s s y s t e m s e l e c t i v e l y u n i f o r m l y c o n t r o l l a b l e i n t h e y ^ ( t ) o u t p u t 
component by t h e u ^ ( t ) i n p u t component? We form t h e m a t r i x 
p x = [ F b ( 1 : F A b ( 1 : A ] = 
1 0 1 
0 0 0 
and o b s e r v e t h a t t h e f i r s t row of t h e m a t r i x c o n t a i n s e l e m e n t s n o t 
a l l of which a r e z e r o . Hence , t h e o u t p u t y ^ ( t ) i s c o n t r o l l a b l e by 
u ^ ( t ) . However, t h e o u t p u t y2^^ * s n o t c o n t r o l l a b l e by t h e i n p u t 
component u ^ ( t ) , b e c a u s e t h e r e a r e no n o n - z e r o e l e m e n t s i n t h e s econd 
row of t h e m a t r i x . 
The g e n e r a l i z a t i o n of t h e n e c e s s a r y and s u f f i c i e n t c o n d i t i o n s t o 
p r o p e r and n o r m a l i - t h o u t p u t c o n t r o l l a b l e s y s t e m s i s s t r a i g h t f o r w a r d , 
and so we h a v e 
Theorem 0 C ( I I , 4 4 4 4 ) . The s y s t e m ( 5 . 2 ) i s i - t h o u t p u t - p r o p e r 
(which i m p l i e s comple t e c o n t r o l l a b i l i t y ) i f and o n l y i f 
f d e t r J ( s ) + f d e t r J ( s ) + . . . 








f o r some j = 1 , 2 , r . 
Or , a l t e r n a t i v e l y , i f and o n l y i f t h e r e i s a t l e a s t one n o n - z e r o 
e l e m e n t i n t h e i - t h row of t h e m a t r i x 
P . = [F b . : F A b . ! . . . F A n 1 b . ! g . ] 
3 — J — J • J 
f o r some j = 1, 2 , r . 
Theorem O C ( I I I , 4 4 4 4 ) . The sys t em ( 5 . 2 ) i s i - t h o u t p u t n o r m a l i f 
and on ly i f 
f.- d e t ^ ( s ) + f . 0 d e t 2r j ( s ) + . . . i l i 2 
+ f. d e t nr J ( s ) + g . . d e t T ( s ) ^ 0 i n ° i j 
f o r a l l j = l , 2 , r , o r , a l t e r n a t i v e l y , i f and on ly i f 
n - l 
P . = [F b . : F A b . : . . . F A b . g . . ] 
J — J — J — 3 3 
has a t l e a s t one n o n - z e r o e l e m e n t i n t h e i - t h row f o r a l l j = 1 , 2 , r 
Example 1 1 . For t h e s y s t e m of Example 10 , we h a v e 
1 0 1 
0 0 0 
and 
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1 1 0 
1 1 0 
Hence , t h e s y s t e m i s b o t h y-^( t) and y 2 ( t ) o u t p u t p r o p e r , and i t i s 
a l s o y-^( t ) o u t p u t n o r m a l , b u t i t i s n o t y 2 ( t ) o u t p u t n o r m a l . 
The n e c e s s a r y and s u f f i c i e n t c o n d i t i o n s f o r o u t p u t - p r o p e r s y s t e m s 
[142] a r e c o n t a i n e d i n t h e f o l l o w i n g 
Theorem 0 C ( I I , 6 6 6 6 ) . The s y s t e m ( 5 . 2 ) i s o u t p u t p r o p e r ( i . e . , 
c o m p l e t e l y o u t p u t c o n t r o l l a b l e ) i f and o n l y i f t h e p x ( n + l ) r compo­
s i t e m a t r i x 
P = [F B ! F A B ! F A 2 B I . . . F A n 1 B 1 D] 
i s of f u l l r a n k ( = p) . 
Example 1 2 . Fo r t h e sys t em of Example 1 0 , we have t h e m a t r i x 
P = 
1 1 0 1 1 0 
0 1 0 1 0 0 
t h e r a n k of which i s 2 . Hence t h e s y s t e m i s o u t p u t p r o p e r . 
Theorem 0 C ( I , 6 6 6 6 ) . The s y s t e m ( 5 . 2 ) i s s e l e c t i v e l y u n i f o r m l y 
o u t p u t c o n t r o l l a b l e by t h e u j ^ ^ i n p u t component i f and o n l y i f t h e 
p x ( n + 1) m a t r i x 
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i s of f u l l r a n k ( i . e . , of r a n k p ) . 
Theorem 0 C ( I I I , 6 6 6 6 ) . The s y s t e m ( 5 . 2 ) i s o u t p u t no rma l i f and 
on ly i f t h e p x ( n + 1 ) m a t r i c e s 
P . = [F b . ! F A b . :. . . . ! F A n 1 b . I g . ] 
3 ~ ' 3 ~ ' 3 — 3 ^ ' 3 
a r e of f u l l r a n k f o r a l l j = 1 , 2 , r . 
Example 1 3 . For t h e s y s t e m of Example 10 , we had 
and 
1 0 1 
0 0 0 
1 1 0 
1 1 0 
S i n c e b o t h t h e m a t r i x and P 2 a r e °f r a n k 1 < p = 2 ( i . e . , 
t h e m a t r i c e s a r e n o t of f u l l r a n k ) , t h e r e f o r e t h e sys t em i s n e i t h e r s e ­
l e c t i v e l y u n i f o r m l y o u t p u t c o n t r o l l a b l e by u ^ ( t ) n o r s e l e c t i v e l y u n i ­
fo rmly o u t p u t c o n t r o l l a b l e by u 2 ( t ) . N a t u r a l l y , unde r t h e s e c i r c u m ­
s t a n c e s i t c a n n o t b e o u t p u t no rma l e i t h e r . 
We s h a l l now s t a t e and p r o v e a theorem a b o u t t h e s e t of c o n t r o l ­
l a b l e o u t p u t s . 
Theorem 6 . 2 . 1 . The s e t R(P) of c o n t r o l l a b l e o u t p u t s of 
t h e s y s t e m ( 5 . 2 ) i s a v e c t o r s u b s p a c e of t h e o u t p u t s p a c e R P . 
P r o o f . By d e f i n i t i o n , a l i n e a r t i m e - i n v a r i a n t sy s t em i s 
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c o m p l e t e l y o u t p u t c o n t r o l l a b l e ( i . e . , o u t p u t p r o p e r ) i f t h e r e e x i s t s a 
c o n t r o l i n p u t _ur , s u c h t h a t any f i n a l o u t p u t . y . ( t , ) can be o b -
o ' 1 J 
t a i n e d s t a r t i n g w i t h a r b i t r a r y i n i t i a l c o n d i t i o n s )» i n f i n i t e 
p e r i o d of t i m e [ t , t.. ] . L e t y , ( t ) and y 0 ( t ) b e two such c o n t r o l -
o I I o z o 
l a b l e p o i n t s i n t h e o u t p u t s p a c e R*3. W i t h o u t l o s s of g e n e r a l i t y , we 
can assume t h a t t h e f i n a l o u t p u t t o be a c h i e v e d i s e q u a l t o 0_. Assuming 
•k 
t h a t t h e s y s t e m i s o u t p u t - c o n t r o l l a b l e , t h e r e e x i s t i n p u t s u.-^(t) and 
* 
u 2 ( t ) wh ich make t h i s t r a n s i t i o n from t h e i n i t i a l o u t p u t s 3L±(t ) and 
y _ 2 ( t o ) t o 0̂  p o s s i b l e d u r i n g t h e p e r i o d of t i m e t t ^ ] . Then we 
h a v e 
z(tx) = 0 A ( t x - t o ) i A ( t - x ) ^ ^ 
F 6 - 1 0 + t F 6 B u ^ x ) dx + G u 1 ( t 1 ) 
o 
and 
x(tx) = 0 = 
A( t - t ) 
F e 1 ° x I A ( t - x ) ^ ^ 
- 2 0 + t F 6 B u 2 ( T ) d T + G u 2 ( t 1 ) 
o 
whe re t h e i n i t i a l o u t p u t s a r e 
ll(to> • F x + G u 1 ( t 1 ) ( 6 . 6 ) 
and 
F x__ + Gu ( t ) 
—20 —2 o ( 6 . 7 ) 
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To show t h a t t h e s e t of c o n t r o l l a b l e o u t p u t s R(P) of t h e s y s t e m 
( 5 . 2 ) i s a s u b s p a c e of t h e o u t p u t ( v e c t o r ) s p a c e R p , we have t o show 
t h a t fo r any .Y_j_(t ) e R(P) and JZ ^ ^ O ^ £ R ^ » t * i e H n e a r c o m b i n a t i o n 
^i^o* + ^ 2 ( t o ) G R(P) ( 6 . 8 ) 
f o r a r b i t r a r y r e a l v a l u e s of X and u , i s a l s o a c o n t r o l l a b l e o u t p u t . 
T h i s m e a n s , t h a t one has t o show t h a t t h e r e e x i s t s some i n p u t u_ ( t ) 
o v e r t h e p e r i o d [ t , t., ] which a f f e c t s t h e t r a n s i t i o n from t h e i n i t i a l r o 1 
o u t p u t 
it it 
v_(t ) = X F x i n + X G u- ( t ) + u F x o n + u G u ( t ) o —1U —1 o —ZU — o 
t o t h e f i n a l o u t p u t y_(t^) = 0_. Such a c o n t r o l i n p u t does e x i s t b e c a u s e 
* * * 
i t i s s u f f i c i e n t t o choose ii ( t ) = u .^( t ) + n^it) t o o b t a i n 
X ( t ) = F e 
A ( t - t o ) 
(X x 1 Q + u x 2 Q ) + £ F e A ( t " T ) B u * ( t ) dx + G u * ( t ) 
= A 
A ( t " t o ) [ A ( t - x ) * * F e x 1 Q + F e M C T ) B u ^ x ) dx + G u ^ t ) 
+ Y 
• A ( t - t ) 
F e + / F e A ( t - > B u! 
2 0 • t * - " 4(t) dT + G 4(t) o 
which e x p r e s s i o n becomes e q u a l t o 0̂  f o r t = t ^ . 
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Based on t h i s t h e o r e m , we can now s t a t e t h e c o n t r o l l a b i l i t y c o n ­
d i t i o n s i n some s u b s p a c e of t h e o u t p u t s p a c e , p r o o f of which f o l l o w s e s ­
s e n t i a l l y t h e l i n e s of t h e p r o o f of Theorem S C ( I , 5555) and w i l l n o t b e 
r e p e a t e d h e r e . 
Theorem OC(I , 5 5 5 5 ) . The s y s t e m ( 5 . 2 ) i s s e l e c t i v e l y u n i f o r m l y 
o u t p u t c o n t r o l l a b l e i n t h e s u b s p a c e R q of t h e o u t p u t s p a c e R p , 
q < p , i f and on ly i f t h e p r o j e c t i o n of t h e s e t of c o n t r o l l a b l e o u t p u t s , 
R ( P ) , on t h e s u b s p a c e R q s p a n s t h e whole s u b s p a c e R q . 
C o r o l l a r y QC(I , 5 5 5 5 ) . C o n s i d e r t h e sys t em ( 5 . 2 ) and l e t P 
b e t h e p x ( n + 1 ) c o m p o s i t e m a t r i x 
P . = [ F b . I F A b . ! F A 2 b F A 1 1 " 1 b J :. e . ] 
3 —3 ~ ' 3 ~ ' 3 — j ^ ' 3 
F u r t h e r , l e t b e t h e p r o j e c t o r such t h a t f o r a l l y_ e R and 
e R q , E^ y_ * where R q C R P . Then t h e s y s t e m i s s e l e c t i v e l y u n i ­
fo rmly o u t p u t c o n t r o l l a b l e i n t h e s u b s p a c e R q by t h e i n p u t component 
u.(t) if and only if the matrix J 
n - l 
\ ^ - [ E k F b i J : K k F A b i j : . . . . : y A ^ - j ' - ^ . j 3 
i s of t h e r a n k r >, q , where q i s t h e d i m e n s i o n of t h e s u b s p a c e R q 
Example 1 4 . C o n s i d e r t h e s y s t e m 
i ( t ) = 
1 1 0 1 1 
0 2 0 x ( t ) + 1 1 
0 0 2 1 1 
u ( t ) 
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y_(t ) = 
2 2 0 
0 1 0 
0 0 1 




u ( t ) 
I s t h i s s y s t e m s e l e c t i v e l y u n i f o r m l y o u t p u t c o n t r o l l a b l e i n t h e o u t p u t 
_ T T 
s u b s p a c e R q g e n e r a t e d by t h e v e c t o r s [ y ^ , 0 , 0 ] and [ 0 , y^, 0] ? 
For t h e c o n t r o l i n p u t component u ^ ( t ) we o b t a i n t h e m a t r i x 
P., = [F b . *. F A b , 1 — j - . 1 F A* 
4 8 16 4 
1 2 4 1 
1 2 4 0 
With t h e p r o j e c t o r 
1 0 0 
0 1 0 
0 0 0 
we o b t a i n 
E 2 P i 
1 0 0 
0 1 0 
0 0 0 
4 8 16 
1 2 4 
1 2 4 
4 8 16 4 
1 2 4 1 
0 0 0 0 
The m a t r i x P^Pl ^ a s t * i e r a n k r = 1 which i s l e s s t h a n t h e d i m e n s i o n 
o f t n e s u b s p a c e . Hence , t h e s y s t e m i s n o t s e l e c t i v e l y u n i f o r m l y 
o u t p u t c o n t r o l l a b l e by t h e i n p u t u ^ ( t ) i n t h e s u b s p a c e R^ , which i s 
( y ^ , y£) - p l a n e . I t i s , however , c o n t r o l l a b l e i n t h e ( y ^ , y^) p l a n e 
and (y£» p l a n e , which can b e e a s i l y v e r i f i e d by c h o o s i n g a p p r o p r i a t e 
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p r o j e c t o r s and c a l c u l a t i n g t h e r a n k s of r e s u l t i n g m a t r i c e s . 
With r e g a r d t o t h e i n p u t component u 2 ( t ) , t h e s y s t e m i s s e l e c ­
t i v e l y u n i f o r m l y o u t p u t c o n t r o l l a b l e i n t h e o u t p u t s u b s p a c e r e p r e s e n t e d 
by t h e (y.^, y^) - p l a n e and (y , y^) - p l a n e , b u t n o t i n t h e ( y 2 , y^ ) 
- p l a n e . 
Theorem O C ( I I , 5 5 5 5 ) . The s y s t e m ( 5 . 2 ) i s o u t p u t p r o p e r i n t h e 
s u b s p a c e of t h e o u t p u t s p a c e R p i f and o n l y i f t h e p x (n + 1) k 
m a t r i x 
E k P = [ E k F B ! E k F A B ! . . . I E k F AU~l B I E k D] 
h a s t h e r a n k r > q, where q i s t h e d i m e n s i o n of t h e s u b s p a c e R^ of 
t h e o u t p u t s p a c e R p , and E k i s t h e p r o j e c t o r of t h e s e t of c o n t r o l ­
l a b l e o u t p u t s R(P) on R^ a l o n g t h e s p a c e R ^ . 
Theorem O C ( I I I , 5 5 5 5 ) . The s y s t e m ( 5 . 2 ) i s o u t p u t n o r m a l i n t h e 
s u b s p a c e R^ of t h e o u t p u t s p a c e R p i f and o n l y i f t h e p x ( n + 1 ) 
m a t r i c e s 
E, P . = [E. F b . I E. F A b . . ! . . . :. E. F A 1 1 " 1 b . ! E, e . ] k j k — j Tc - j k — j k ^ - j ' 
have t h e r a n k r >, q f o r a l l j = 1 , 2 , r , where q i s t h e d i ­
mens ion of t h e o u t p u t s u b s p a c e R^ and E k i s t h e a p p r o p r i a t e p r o ­
j e c t o r 
Example 1 5 . I n t h e p r e c e d i n g e x a m p l e , we have 
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4 4 8 8 16 16 
1 1 2 2 4 4 
1 1 2 2 4 4 
and we can e a s i l y v e r i f y t h a t t h e s y s t e m i s n o t o u t p u t p r o p e r i n e i t h e r 
2 3 one of t h e two d i m e n s i o n a l s u b s p a c e R of t h e o u t p u t s p a c e R g e n e r -
T T 
a t e d by any two of t h e v e c t o r s [ y ^ , 0 , 0 ] , [ 0 , y2», 0] and [ 0 , 0 ^ , 
T 
y ^ ] . Nor i s t h e s y s t e m o u t p u t n o r m a l . 
6 . 3 . N e c e s s a r y and S u f f i c i e n t C o n d i t i o n s f o r O b s e r v a b i l i t y . 
N e c e s s a r y and s u f f i c i e n t c o n d i t i o n s f o r o b s e r v a b i l i t y can b e d i r e c t l y r e ­
l a t e d t o t h o s e of s t a t e c o n t r o l l a b i l i t y by making u s e of Ka lman ' s d u a l i t y 
p r i n c i p l e [ 1 1 4 ] . The d u a l i t y p r i n c i p l e i s c o n t a i n e d i n t h e f o l l o w i n g 
Theorem ( 6 . 1 ) . The l i n e a r t i m e - i n v a r i a n t s y s t e m 
x ( t ) = A x ( t ) + B u ( t ) 
( 5 . 2 ) 
y_(t) = F x ( t ) + G u ( t ) 
i s o b s e r v a b l e ( i n t h e s e n s e of any of t h e d e f i n i t i o n s g i v e n i n t h e Tab le 
3 of t h e Appendix) i f and on ly i f t h e a d j o i n t s y s t e m 
x ( t ) = - A T x ( t ) + F T u ( t ) 
( 6 . 9 ) 
X ( t ) = B T £ ( t ) + G u ( t ) 
i s c o n t r o l l a b l e ( i n t h e c o r r e s p o n d i n g s e n s e of any of t h e d e f i n i t i o n s 
g i v e n i n t h e T a b l e 1 of t h e A p p e n d i x ) . 
I t i s a l s o known t h a t t h e s e t of o b s e r v a b l e s t a t e s R(H) i s a 
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s u b s p a c e of E [15] and t h e o r t h o g o n a l component of i t , i . e . , t h e s e t of 
u n o b s e r v a b l e s t a t e s R(H)-1- , i s an i n v a r i a n t s u b s p a c e u n d e r t r a n s f o r m a ­
t i o n A. 
App ly ing t h e above r e s u l t s , we o b t a i n t h e f o l l o w i n g theo rems r e ­
g a r d i n g t h e n e c e s s a r y and s u f f i c i e n t c r i t e r i a f o r d i f f e r e n t t y p e s of o b ­
s e r v a b i l i t y . 
Theorem OB(I , 4 4 4 4 ) . The s y s t e m ( 5 . 2 ) i s s e l e c t i v e l y u n i f o r m l y 
i - t h s t a t e o b s e r v a b l e w i t h r e s p e c t t o Y j ^ ^ o u t p u t component i f and 
o n l y i f d e t "*T^(s) 4 0 whe re f ( s ) i s t h e m a t r i x 
f ( s ) = [ I s + A T ] 
and t h e m a t r i x 1 f ^ ( s ) i s o b t a i n e d from t h e m a t r i x f ( s ) by r e p l a c i n g 
T 
i t s i - t h column by t h e j - t h column of t h e m a t r i x F , o r , a l t e r n a t i v e l y , 
i f and o n l y i f t h e r e i s a t l e a s t one n o n - z e r o e l e m e n t i n t h e i - t h row of 
t h e m a t r i x 
H . = [ f T . : A t f T . : ( A V f T . : . . . : ( A V - 1 f T . ] 
J — 3 — 3 " ' J —3 
T T where f . i s t h e j - t h column ( v e c t o r ) of t h e m a t r i x F 
Theorem O B ( I I , 4 4 4 4 ) . The s y s t e m ( 5 . 2 ) i s p r o p e r i - t h s t a t e ob­
s e r v a b l e i f and o n l y i f 
d e t ^ ( s ) 4 0 
fo r some j = 1 , 2 , p , o r , a l t e r n a t i v e l y , i f and o n l y i f n o t a l l 
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t h e e l e m e n t s i n t h e i - t h rows of t h e n x n m a t r i c e s 
H . = [ f . *. A f . '. . . . *. ( A ) f \ ] 
3 —3 — J - J 
a r e z e r o e s f o r some j = 1 , 2 , p . 
Theorem O B ( I I I , 4 4 4 4 ) . The sys t em ( 5 . 2 ) i s n o r m a l i - t h s t a t e o b ­
s e r v a b l e i f and on ly i f 
d e t ^ ( s ) ^ 0 
f o r a l l j = 1 , 2 , p , o r , a l t e r n a t i v e l y , i f and o n l y i f t h e i - t h 
row or each of t h e m a t r i c e s 
H . = [ f 1 . : A f \ : . . . : ( A 1 ) f 1 . ] 
3 3 -'3 —3 
h a s a t l e a s t one n o n - z e r o e l e m e n t f o r a l l j = 1 , 2 , . . . , p . 
Theorem OB(I , 5 5 5 5 ) . The s y s t e m ( 5 . 2 ) i s s e l e c t i v e l y u n i f o r m l y 
o b s e r v a b l e i n t h e k - d i m e n s i o n a l s u b s p a c e £ of t h e s t a t e s p a c e £ , i f 
and on ly i f t h e p r o j e c t i o n of t h e s e t of o b s e r v a b l e s t a t e s R ( H ) on t h e 
s u b s p a c e of £ spans t h e whole s u b s p a c e of £ , o r a l t e r n a t i v e l y , i f 
and o n l y i f t h e m a t r i x 
r p # T T • • rp ^ 1 rp 
h a s t h e r a n k r >y k , where ' i s t h e p r o j e c t o r of R ( H ) on £ and 
k i s t h e d i m e n s i o n of t h e s u b s p a c e £ . 
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Theorem O B ( I I , 5 5 5 5 ) . The s y s t e m ( 5 . 2 ) i s a p r o p e r o b s e r v a b l e 
s y s t e m i n t h e s u b s p a c e E of t h e s t a t e s p a c e E i f and o n l y i f t h e 
n x np m a t r i x 
E k H = [ \ p T • E k a T f T • E k ( a T ) 2 f T • • • • • E k ( A T ) I I ~ 1 F T J 
i s of t h e r a n k r >, k , whe re k and E, a r e d e f i n e d a s a b o v e . 
k 
Theorem O B ( I I I , 5 5 5 5 ) . The s y s t e m ( 5 . 2 ) i s a n o r m a l o b s e r v a b l e 
s y s t e m i n t h e s u b s p a c e E of t h e s t a t e s p a c e E i f and o n l y i f t h e 
n x n m a t r i c e s 
\ H. = [ E f c fjj ! E k A T : ... i E k (A 1)"" 1 £,] 
a r e of t h e r a n k r > k f o r a l l j = 1 , 2 , . . . , p , whe re k and E^ 
a r e d e f i n e d a s a b o v e . 
Theorem OB(I , 6 6 6 6 ) . The s y s t e m ( 5 . 2 ) i s s e l e c t i v e l y u n i f o r m l y 
o b s e r v a b l e w i t h r e s p e c t t o t h e j - t h o u t p u t component y ^ ( t ) , j = 1 , 2 , 
p , i f and o n l y i f t h e n x n m a t r i x 
H . = [ f 1 . : A f . : (A ) f . : ... : ( A 1 ) f 1 . ] 
3 J — J — J J 
i s of f u l l r a n k , i . e . , r a n k n , so t h a t d e t H 4 0 . 
Theorem O B ( I I , 6 6 6 6 ) . The s y s t e m i s ( 5 . 2 ) i s a p r o p e r o b s e r v a b l e 
one (o r c o m p l e t e l y o b s e r v a b l e ) i f and o n l y i f t h e c o m p o s i t e n x nk ma­
t r i x 
8 6 
r n # r r r T * T1 ^ T1 • • r n ^ - l r p 
H = [ F : A F : ( A ) F : . . . . : ( A 1 ) F 1 ] 
i s of f u l l r a n k , i . e . r a n k n . 
Theorem 0 B ( I I I , 6 6 6 6 ) . The s y s t e m ( 5 . 2 ) i s a no rma l o b s e r v a b l e 
one i f and o n l y i f t h e n x n m a t r i c e s 
.T : T „T : , . T 2 „T : : , .T v n~^" ,T H . = [f . : A f . : ( A ) f . : . . . : ( A ) f : ] 
a r e of r a n k n , so t h a t d e t ^ 0 , f o r a l l j = 1 , 2 , p . 
Example 1 6 . C o n s i d e r t h e s y s t e m 
x ( t ) = 
x(t) = 
~0 1 0 " b l 
0 0 1 x ( t ) + l l 
0 - 1 -2_ i r 
" o 1 1 "l o ~ 
1 0 0 x ( t ) + I l 
u ( t ) 
u ( t ) 
f o r which 
0 0 0 I 0 0 
H l - 0 - 1 1 ; H 2 = 0 1 0 
0 - 1 1 0 0 1 
and 
H = 
0 1 0 0 0 0 
1 0 - 1 1 1 0 
1 0 - 1 0 1 1 
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Hence , by theo rem 
OB(I , 4444) - t h e s y s t e m i s s e l e c t i v e l y u n i f o r m l y x 2 ( t ) and 
x ^ ( t ) o b s e r v a b l e w i t h r e s p e c t t o o u t p u t y ^ ( t ) , and x ^ ( t ) , x 2 ( t ) , 
and x ^ ( t ) o b s e r v a b l e w i t h r e s p e c t t o o u t p u t y 2 ( t ) . 
O B ( I I , 4444) - t h e s y s t e m i s x ^ t ) , x 2 ( t ) , and x 3 ( t ) o b ­
s e r v a b l e p r o p e r . 
O B ( I I I , 4444) - t h e s y s t e m i s n o t n o r m a l x ^ ( t ) o b s e r v a b l e , 
b u t i t i s so w i t h r e s p e c t t o t h e s t a t e components x 2 ( t ) a n c * x ^ ( t ) . 
OB(I , 5555) - t h e s y s t e m i s s e l e c t i v e l y u n i f o r m l y o b s e r v a b l e 
by t h e y ^ ( t ) o u t p u t i n t h e ( x 2 , x^) p l a n e , b u t i t i s n o t o b s e r v a b l e 
i n t h e ( x ^ , x 2 ) and ( x ^ , x^) - p l a n e s . 
With r e s p e c t t o t h e o u t p u t y 2 ( t ) , t h e s y s t e m i s o b s e r v a b l e i n 
a l l s u b s p a c e s of t h e s t a t e s p a c e 
O B ( I I , 5555) - t h e sys t em i s a p r o p e r o b s e r v a b l e s y s t e m i n a l l 
s u b s p a c e s of d i m e n s i o n two of t h e s t a t e s p a c e 
O B ( I I I , 5555) - t h e s y s t e m i s n o t a n o r m a l o b s e r v a b l e s y s t e m . 
OB(I , 6666) - t h e s y s t e m i s n o t s e l e c t i v e l y u n i f o r m l y observa­
b l e w i t h r e s p e c t t o t h e y-^( t ) o u t p u t component , b u t i s s e l e c t i v e l y 
u n i f o r m l y o b s e r v a b l e w i t h r e s p e c t t o t h e y 2 ( t ) o u t p u t component . 
O B ( I I , 6666) - i t i s a p r o p e r o b s e r v a b l e s y s t e m . 
O B ( I I I , 6666) - i t i s n o t a normal o b s e r v a b l e s y s t e m . 
6 . 4 . N e c e s s a r y and S u f f i c i e n t C o n d i t i o n s f o r S t a t e I n v a r i a n c e . 
For c e r t a i n t y p e s of s e l e c t i v e s t a t e i n v a r i a n c e , t h e n e c e s s a r y and s u f ­
f i c i e n t c o n d i t i o n s a r e known [ f . c . 1 4 5 ] . However, s i n c e i n t h e e x i s t i n g 
l i t e r a t u r e on i n v a r i a n c e r e f e r e n c e i s u s u a l l y made t o a somewhat d i f ­
f e r e n t r e p r e s e n t a t i o n of d y n a m i c a l s y s t e m s , t h e e s s e n t i a l p r o o f s of t h e 
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theorems will be given below. 
Theorem SI(I, 4444). The system (5.2) is selectively uniformly 
i-th state invariant with respect to the j-th component of the input 
(disturbance) u(t), j = 1, 2, ... , r, if and only if 
de t ^ ( s ) = 0 
where the matrix "^(s) is obtained from the matrix r(s) = (Is-A) 
by replacing its i-th column with the j-th column of the matrix B. 
Proof. Let u^(t) = [0, 0, Uj(t), 0 ... 0] be an r-
component input vector with the j-th element being equal to the j-th 
element of the vector ii(t) and zeroes elsewhere (here * s u s u ~ 
ally some disturbance input; see also p. 68). Substituting iij^) into 
the equation (5.2), we get 
x(t) = A x(t) + B u_,(t) = A x(t) + b . u.(t) 
Taking the Laplace transform of the above expression, we can write 
(si - A) x(s) = b . u.(s) + r(s) 
which is a shorthand notation for the set of equations 
(s - a u ) x± - a 1 2 x 2 - . . . . - a l n x n = b ^ U j ( s ) + x^O) 
- a 2 1 x x + (s - a 2 2) x 2 - ... - a 2 n x n = b 2 j U j(s) + x 2<0) 
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- a - x . - a 0 x 0 - . . . + ( s - a ) x = b .u.(s) + x (0) nl 1 n2 2 nn n nj j n 
where x^(0), x 2(0), ... , x n(0) represent the initial conditions. 
This is a system of algebraic equations which we can solve for any 




(s - a 1 ; L) - a 1 2 b 1jUj(s) + x1(o) — - a l n 
- a n (s - a 2 2) ... b2ju.(s) + x 2 a 2 n 
det 
-a .. -a 0 .... b ,u.(s) + x (o) ... (s - a ) 
nl n2 nj j n nn 
(s a x l) a 1 2 a 1 3 - a i n 
" a21 ( s" a22) " a23 - - - - - - - - - -a 
- a 3 1 - a 3 2 (s-a33) _ _ _ _ _ _ _ _ _ a 
2n 
3n 
-a , -a 0 - a 0 - - - - - - - - (s-a ) . 
nl n2 n3 nn _j 
Using the notation which has been introduced earlier, we can 
write 
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< \ d e t ^ ( s ) , , . d e t ^ - ^ ( s ) i n . 
x i ( s ) = d e t r ( s ) u j ( s ) + d e t r ( s ) ( 6 a o ) 
w h e r e ^r^(s) s t a n d s f o r t h e m a t r i x T ( s ) = [ s i - A] w i t h i t s i - t h row 
r e p l a c e d by t h e j - t h column of t h e m a t r i x B, and * T — ^ ( s ) s t a n d s f o r 
t h e m a t r i x r ( s ) w i t h i t s i - t h row r e p l a c e d by t h e v e c t o r x ( o ) r e p r e ­
s e n t i n g t h e i n i t i a l c o n d i t i o n s . 
S i n c e , i n g e n e r a l , d e t r ( s ) 4 0 , i t i s c l e a r t h a t t h e n e c e s s a r y 
and s u f f i c i e n t c o n d i t i o n t h a t t h e component x ^ ( t ) of t h e s t a t e v e c t o r 
x ( t ) would n o t b e a f f e c t e d by t h e ( d i s t u r b a n c e ) i n p u t " j ^ * - ) ^ s t n a t 
d e t 1r : l ( s ) = 0 i n t h e E q u a t i o n ( 6 . 1 0 ) . 
I t i s i m p o r t a n t t o n o t e t h a t t h e s t a t e m e n t " x ^ ( t ) i s i n v a r i a n t 
w i t h r e s p e c t t o t h e i n p u t U j ( t ) " r e f e r s t o t h e i n v a r i a n c e of t h e 
s t e a d y s t a t e p o r t i o n of t h e s o l u t i o n . The t r a n s i e n t r e s p o n s e d e p e n d s , 
i n g e n e r a l , on t h e i n i t i a l c o n d i t i o n s , and t h u s may depend i n d i r e c t l y 
a l s o on t h e i n p u t u . ( t ) f j _ _ 1 f o r t < t . T h i s i s c l e a r l y r e f l e c t e d 
J [ t , t Q ] o y 
i n t h e E q u a t i o n ( 6 . 1 0 ) . 
The n e c e s s a r y and s u f f i c i e n t c o n d i t i o n s f o r s e l e c t i v e i n v a r i a n c e 
can a l s o be e x p r e s s e d i n t e rms of t h e c o n t r o l l a b i l i t y m a t r i x a s f o l l o w s : 
C o r o l l a r y S I ( I , 4 4 4 4 ) . The l i n e a r t i m e - i n v a r i a n t s y s t e m ( 5 . 2 ) i s 
s e l e c t i v e l y u n i f o r m l y i - t h s t a t e component i n v a r i a n t w i t h r e s p e c t t o t h e 
j - t h i n p u t component ( d i s t u r b a n c e ) u j ^ ^ ^ a n t * o n l y i f a l l e l e m e n t s 
of t h e i - t h row of t h e m a t r i x 
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where b_#_. i s t h e j - t h column v e c t o r of t h e m a t r i x B, a r e e q u a l t o z e r o . 
P r o o f . With U j ( t ) = [ 0 , . . . , 0 , u ( t ) , 0 . . . , 0 ] T we had 
[ s e e p r o o f of Theorem S C ( I , 4 4 4 4 ) ] 
t 
x , ( t ) = [ e A t ] . X T f [ e A ( t " T ) ] . b . . u . ( i ) dx i i ' —o o i ' - ' j j 




S c c ( t ) = o f « ( T ) U j ( T > d T 
I n o r d e r t h a t t h e s t e a d y s t a t e p o r t i o n of t h e r e s p o n s e x ^ ( t ) would n o t 
depend on t h e i n p u t u ^ ( t ) , i t i s n e c e s s a r y (and a l s o s u f f i c i e n t ) t h a t 
I [ A " ] ± . b g.(t) = 0 
oc=o J 
f o r a r b i t r a r y v a l u e s of g a ( t ) . For t h i s t o be t h e c a s e i t i s n e c e s s a r y 
t h a t t h e c o e f f i c i e n t s of g a ( t ) b e i d e n t i c a l l y z e r o , i . e . 
[A*]-*, _L. • = 0 f o r a l l « = 1 , 2 n - l 
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The latter requirement is identical with the requirement that the i-th 
row of the matrix 
Q. = [b . I A b., I ! A n 1 b . ] 
contains elements which are all equal to zero. Q.E.D. 
Example 17. Consider the system 
1 0 0 
1 
° 1 
x(t) = 0 1 1 x(t) + 1 1 
_0 0 1 1 0 _ 
u(t) 
This system is x^(t) invariant with respect to u^(t) since 
det 1 r 1(s) = det 
0 0 0 
1 s-1 -1 
1 0 s-1 
= 0 
It is also x-j(t) - invariant with respect to the input u^Ct) since 
3 2 
det r (s) = det 
s-1 0 1 
0 s-1 1 
0 0 0 
= 0 
Using the criteria of the corollary SI(I, 4444), we see that the first 
row of the matrix 
93 
*! = : A b • A b.^ 
0 0 0 
1 2 3 
1 1 1 
has all zeroes as well as the third row of the matrix 
= [b.o'.A b. * PT b.J = 
1 1 1 
1 1 1 
0 0 0 
so that we have the same result applying either criterion, as was to be 
expected. 
Now, it is clear that a component x^(t) of the state vector 
x_(t) is invariant with respect to some input u(t) if and only if it is 
invariant with respect to each input component individually. Hence there 
immediately follows 
Theorem SI(II, 4444). The system (5.2) is proper i-th state in­
variant if and only if det "*T̂ (s) = 0 for all j = 1, 2, ...,r, or 
alternatively, if and only if all the elements of the i-th rows of the 
matrix 
Q. = [b , I A b I ....I A11"1 b ] 
are zeroes for all j = 1, 2, r. 
Theorem SI(III, 4444). The system (5.2) is normal i-th state 
invariant if and only if it is proper i-th state invariant. 
Furthermore, the extension of the criteria of invariance to more 
9 4 
than one component of the state vector is also simpler than in the case 
of controllability or observability. It has been shown in the preceding 
sections that controllability or observability of some individual com­
ponents of the state or output vector does not imply that they are con­
ic 
trollable (observable) simultaneously in some subspace E (R ) . But if a 
system (5.2) is selectively i-th state invariant and selectively j-th 
state invariant with regard to some input u^(t), then it is also true 
that the system is invariant in the subspace of £ generated by the 
T 
vectors [0, , 0, x^(t), 0, , 0] and [0, 0, x^.(t), 0, , 
T 
0] . This leads us to the 
Theorem SI (I, 5555). The system is selectively uniformly state 
invariant in the subspace E of the state space E , if and only if it 
is selectively uniformly state invariant in all the components of the 
state vector x(t) which have non-zero projections in the subspace E , 
or alternatively, if and only if the n x n matrix 
\ Q 5 - [E kb.. : E k Ab.j : . . . . : ^ A " " 1 ^ ] 
where is the projector of E on E , is a zero matrix. 
Theorem SI(II, 5555). The system (5.2) is a proper state-invariant 
system in the subspace E of the state space E if and only if the 
n x n matrix 
E. Q - [E, B ! E. A B ! IE. A 1 1" 1 B] 
k k k k 
with E, defined as above, is a zero matrix. 
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Theorem SI ( I I I , 5 5 5 5 ) . The s y s t e m ( 5 . 2 ) i s a normal s t a t e -
i n v a r i a n t s y s t e m i n t h e s u b s p a c e Z of t h e s t a t e s p a c e Z i f and o n l y 
i f i t i s p r o p e r s t a t e - i n v a r i a n t i n t h a t s u b s p a c e . 
A n a t u r a l c o n s e q u e n c e of what was s t a t e d i n t h e p r e c e d i n g p o r t i o n 
of t h i s s e c t i o n i s a l s o t h e f o l l o w i n g 
Theorem S I ( I , 6 6 6 ) . The s y s t e m ( 5 . 2 ) i s s e l e c t i v e l y u n i f o r m l y 
s t a t e - i n v a r i a n t w i t h r e s p e c t t o t h e j - t h i n p u t ( d i s t u r b a n c e ) , 
j = l , 2 , . . . , r , i f and o n l y i f t h e n x n m a t r i x 
Q J = : A L J : . . . : A - 1 ^ ] 
i s a z e r o m a t r i x , i . e . , i f b . i s a z e r o v e c t o r . 
Theorem S I ( I I , 6 6 6 6 ) . The s y s t e m ( 5 . 2 ) i s a p r o p e r s t a t e - i n v a r i ­
a n t s y s t e m i f and on ly i f t h e c o m p o s i t e n x nk m a t r i x 
Q = [ B : A B : : A 1 1 " 1 B ] 
i s a z e r o m a t r i x , i . e . , i f B i s a z e r o m a t r i x . 
Theorem S I ( I I I , 6 6 6 6 ) . The s y s t e m ( 5 . 2 ) i s a no rma l s t a t e -
i n v a r i a n t i f and o n l y i f i t i s p r o p e r s t a t e i n v a r i a n t . 
Example 1 8 . C o n s i d e r t h e s y s t e m g i v e n by t h e e q u a t i o n s 
0 0 1 -
0 
1—' 0 
x ( t ) = 1 2 0 x ( t ) + 1 0 3 
_3 0 1 0 1 0_ 
We f i n d 
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0 0 0 
1 2 4 
0 0 0 
1 1 4 
0 1 3 
1 1 7 
0 0 0 
3 6 12 
0 0 0 
By Theorem SI(II, 4444), the system is proper x^(t) and x^(t) 
invariant with respect to the input component u^(t) as well as input 
component ^(t) * (1-st and 3-rd rows of and contain only 
zero elements)• 
By Theorem SI(I, 5555), the system is selectively uniformly in­
variant in the subspace represented by the (x^, x^) - plane both with 
respect to the input u-(t) and u«(t) since 
1 0 0 0 0 0 0 0 0 
0 0 0 X 1 2 4 = 0 0 0 
0 0 1 0 0 0 0 0 0 
and 
1 0 0" "0 0 0* "0 0 0 
0 0 0 X 3 6 12 = 0 0 0 
0 0 1 0 0 0 0 0 0 
By Theorem SI(II, 5555), there exists no subspace of the state 
space E in which the system is proper state-invariant. 
By Theorem SI(I, 6 6 6 6 ) , the system is not selectively uniformly 
invariant in either x^(t) , x 2(t), or x^(t) components with respect to 
any of the input components. 
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By Theorem S I ( I I , 6 6 6 6 ) , t h e s y s t e m i s n o t a p r o p e r s t a t e -
i n v a r i a n t s y s t e m , s i n c e 
Q = 
"0 1 0 0 1 0 0 4 0" 
1 0 3 2 1 6 4 3 12 
6 1 0 0 4 0 0 7 0 
* [0] 
6 . 5 . N e c e s s a r y and S u f f i c i e n t C o n d i t i o n s f o r Outpu t I n v a r i a n c e . 
C r i t e r i a f o r o u t p u t i n v a r i a n c e a r e d e r i v a b l e e i t h e r d i r e c t l y from 
t h o s e of s t a t e i n v a r i a n c e o r by t h e methods p a r a l l e l i n g t h e d e r i v a t i o n of 
t h e l a t t e r . T h e r e f o r e t h e p r o o f s w i l l b e o m i t t e d i n t h i s s e c t i o n com­
p l e t e l y . 
Theorem 0 1 ( 1 , 4 4 4 4 ) . The s y s t e m ( 5 . 2 ) i s s e l e c t i v e l y u n i f o r m l y 
i - t h o u t p u t i n v a r i a n t w i t h r e s p e c t t o t h e j - t h component of t h e i n p u t 
( d i s t u r b a n c e ) u . ( t ) , j = 1 , 2 , r , i f and o n l y i f 




where T J ( s ) i s a m a t r i x as d e f i n e d on page 7 8 , g i s t h e ( i , j ) - t h 
e l e m e n t of t h e m a t r i x G, and f ^ i s t h e ( i , k ) - t h e l e m e n t of t h e 
m a t r i x F . 
C o r o l l a r y 0 1 ( 1 , 4 4 4 4 ) . The s y s t e m ( 5 . 2 ) i s s e l e c t i v e l y u n i f o r m l y 
i - t h o u t p u t i n v a r i a n t w i t h r e s p e c t t o t h e j - t h component of t h e i n p u t 
9 8 
( d i s t u r b a n c e ) u ( t ) , j = 1 , 2 , . . . . , r , i f and o n l y i f a l l e l e m e n t s of 
t h e i - t h row of t h e p x ( n + 1) m a t r i x 
W. = [F b . 1 F A b . ! . . . I F A n 1 b . , • * £ . . ] 
a r e e q u a l t o z e r o . Here b_ i s t h e j - t h column v e c t o r of t h e m a t r i x 
B and £ ^ i s t h a t of t h e m a t r i x G. 
Theorem 0 1 ( 1 1 , 4 4 4 4 ) . The s y s t e m ( 5 . 2 ) i s p r o p e r i - t h o u t p u t i n ­
v a r i a n t i f and o n l y i f 
f k d e t k r J ( s ) = 0 f o r a l l k = 1 , 2 , , n 
and a l l j = 1 , 2 , r 
and 
g ± j = 0 f o r a l l j = 1 , 2 , , r 
k i 
w i t h f , , g . . , and T J ( s ) d e f i n e d as a b o v e , o r a l t e r n a t i v e l y , i f and 
on ly i f a l l t h e e l e m e n t s of t h e i - t h rows of t h e m a t r i c e s 
w. = [ F b . : F A b . . : : F A N 1 b ': g. .] 
3 — 3 ~ 3 — j A 3 
a r e e q u a l t o z e r o e s f o r a l l j = 1, 2 , r . 
Theorem 0 1 ( 1 1 1 , 4 4 4 4 ) . The s y s t e m ( 5 . 2 ) i s no rma l i - t h o u t p u t 
i n v a r i a n t i f and o n l y i f i t i s p r o p e r i - t h o u t p u t i n v a r i a n t . 
Theorem 0 1 ( 1 , 5 5 5 5 ) . The s y s t e m i s s e l e c t i v e l y u n i f o r m l y o u t p u t -
i n v a r i a n t i n t h e s u b s p a c e R q of t h e o u t p u t s p a c e R p , q < p , i f and 
o n l y i f i t i s s e l e c t i v e l y u n i f o r m l y o u t p u t - i n v a r i a n t i n a l l t h e com­
p o n e n t s of t h e o u t p u t v e c t o r y_(t) which have n o n - z e r o p r o j e c t i o n s i n 
t h e s u b s p a c e R^, i . e . , i f and o n l y i f t h e p x ( n + 1) m a t r i x 
J 
*. E. F A b k —• E. F A k —• -i 3 
where E^ i s t h e p r o j e c t o r of R F on R 4 , i s a z e r o m a t r i x . 
Theorem 0 1 ( 1 1 , 5 5 5 5 ) . The s y s t e m ( 5 . 2 ) i s a p r o p e r o u t p u t -
i n v a r i a n t s y s t e m i n t h e s u b s p a c e R^ of t h e o u t p u t s p a c e R p i f and 
o n l y i f t h e p x ( n + 1) m a t r i c e s 
w i t h E^ d e f i n e d a s a b o v e , a r e z e r o m a t r i c e s f o r a l l j = 1 , 2 , 
Theorem 0 1 ( 1 1 1 , 5 5 5 5 ) . The s y s t e m ( 5 . 2 ) i s a no rma l o u t p u t -
i n v a r i a n t s y s t e m i n t h e s u b s p a c e R^ of t h e o u t p u t s p a c e R p i f and 
on ly i f i t i s p r o p e r o u t p u t - i n v a r i a n t i n t h a t s u b s p a c e . 
Theorem 0 1 ( 1 , 6 6 6 6 ) . The s y s t e m ( 5 . 2 ) i s s e l e c t i v e l y u n i f o r m l y 
o u t p u t - i n v a r i a n t w i t h r e s p e c t t o t h e j - t h i n p u t ( d i s t u r b a n c e ) , 
j = 1 , 2 , . . . . , r , i f and on ly i f t h e p x ( n + 1) m a t r i x 
w . = [E , F b ' E. F A b E. 
k 3 k — j k — j k 
K F A n - l 
W. = [F b ! F A b . ! 
— 3 
F A 
i s a z e r o m a t r i x . 
Theorem 0 1 ( 1 1 , 6 6 6 6 ) . The s y s t e m ( 5 . 2 ) i s a p r o p e r o u t p u t -
i n v a r i a n t s y s t e m i f and o n l y i f t h e c o m p o s i t e p x r ( n + 1) m a t r i x 
W = [ F B i F A B I F A 2 B I I F A 1 1 " 1 B ! D] 
is a zero matrix, i.e., if B and G are zero matrices. 
Theorem 01(III, 6666). The system (5.2) is normal output-
invariant if and only if it is proper output-invariant. 
Example 19. Consider the system 
"0 0 1" "l 0" 
x(t) = 0 2 0 x(t) + 0 1 
_3 0 0_ 0 1_ 
"l 0 0" "l 0" 
z(t) = _0 1 0_ x(t) + _0 1_ 
u(t) 
u(t) 
Here we have 
= [ F : F A b t l : F A b t l : 
1 0 3 1 
0 0 0 0 
w9 = [ F b 9 : F A b 9 : F pr b.2 : A.2] 
0 1 0 0 
1 2 4 1 
w - [ F B : F A B : F A B : G] 
1 0 0 1 3 0 1 0 
0 1 0 2 0 4 0 1 
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By Theorem 0 1 ( 1 , 4 4 4 4 ) , t h e above s y s t e m i s s e l e c t i v e l y u n i f o r m l y 
y 2 ( t ) o u t p u t i n v a r i a n t w i t h r e s p e c t t o t h e s econd component of t h e i n ­
p u t v e c t o r , u 2 ( t ) . T h i s i s t h e o n l y s e l e c t i v e o u t p u t i n v a r i a n c e f o r 
t h i s s y s t e m . 
By Theorem 0 1 ( 1 1 , 4 4 4 4 ) , i t i s n e i t h e r y ^ t ) n o r y 2 ( t ) o u t p u t 
i n v a r i a n t p r o p e r . 
By Theorem 0 1 ( 1 1 1 , 4 4 4 4 ) , i t i s n e i t h e r y ^ t ) n o r y 2 ( t ) o u t ­
p u t i n v a r i a n t n o r m a l . 
By Theorem 0 1 ( 1 , 6 6 6 6 ) , t h e s y s t e m i s n e i t h e r s e l e c t i v e l y u n i ­
formly o u t p u t i n v a r i a n t w i t h r e s p e c t t o t h e i n p u t u ^ ( t ) n o r w i t h r e ­
s p e c t t o t h e i n p u t u 2 ( t ) . 
By Theorem 0 1 ( 1 1 , 6 6 6 6 ) , i t i s n o t a p r o p e r o u t p u t - i n v a r i a n t 
s y s t e m and 
By Theorem 0 1 ( 1 1 1 , 6 6 6 6 ) , i t i s n e i t h e r a n o r m a l o u t p u t i n v a r i ­
a n t s y s t e m . 
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CHAPTER V I I 
RELATION BETWEEN CONTROLLABILITY AND INVARIANCE 
We h a v e a l r e a d y s e e n t h a t t h e s e t of a l l c o n t r o l l a b l e s t a t e s of 
t h e s y s t e m ( 5 . 2 ) i s a l i n e a r v e c t o r s u b s p a c e of t h e s t a t e s p a c e £ . 
D e n o t e t h i s s e t of a l l c o n t r o l l a b l e s t a t e s by R(Q) and t h e o r t h o g o n a l 
complement of t h i s s e t by R(Q)-1- . Thus we know t h a t t h e d i r e c t sum of 
t h e s e i s 
We a l s o know t h a t t h e s e t of c o n t r o l l a b l e s t a t e s , R (Q) , i s i n ­
v a r i a n t unde r t r a n s f o r m a t i o n A . 
We s h a l l now s t a t e and p r o v e t h e f o l l o w i n g . 
Theorem ( 7 . 1 ) . C o n s i d e r t h e s y s t e m ( 5 . 2 ) w i t h R(Q) t h e s e t of 
c o n t r o l l a b l e s t a t e s . Then t h e s y s t e m i s s t a t e - i n v a r i a n t [ i . e . , S I ( I I , 
5555) ] i n t h e s u b s p a c e R(Q)-- f o r a l l x e R(Q)-1- . 
P r o o f . L e t (x^* » — b e t * i e b a s i s of t h e l i n e a r v e c t o r 
s p a c e R(Q) and ^H^ti' t * i e b a s i s of t h e o r t h o g o n a l complement 
R(Q)~- . I t h a s b e e n shown t h a t t h e column v e c t o r s of t h e m a t r i x 
£ - R ( Q ) © R ( Q ) - " 
Q = [B : A B : A 2 B : B] 
span t h e s p a c e of c o n t r o l l a b l e s t a t e s R ( Q ) . Hence , any column v e c t o r 
of t h e m a t r i x Q can b e e x p r e s s e d a s a l i n e a r c o m b i n a t i o n of t h e b a s i s 
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v e c t o r s {x_^, x^, x^} . Le t b e t h e o r t h o g o n a l p r o j e c t o r on 
t h e s p a c e R(Q)-1- , t h e n 
E k x = 0 f o r a l l x e R(Q) 
S i n c e e v e r y column v e c t o r of t h e m a t r i x Q i s an e l e m e n t of t h e 
v e c t o r s p a c e R, i t f o l l o w s t h a t 
E k Q = [0] 
Hence , by Theorem S I ( I I , 5 5 5 5 ) , t h e s y s t e m i s i n v a r i a n t i n t h e s u b s p a c e 
RCQH. 
Example 2 0 . C o n s i d e r t h e s y s t e m , t h e s t a t e e q u a t i o n s of which a r e 
"0 1 o " V 
x ( t ) = 0 1 0 x ( t ) + l 
0 0 1 l 
For t h i s s y s t e m , t h e m a t r i x 
Q = [B *. A B *. A B] = 
1 1 1 
1 1 1 
1 1 1 
and h e n c e t h e s e t of c o n t r o l l a b l e s t a t e s i s t h e one d i m e n s i o n a l l i n e a r 
T 
v e c t o r s p a c e g e n e r a t e d by t h e v e c t o r [ 1 1 1 ] . Le t i t b e t h e b a s i s . 
The o r t h o g o n a l complement R(Q)-1" t o t h i s s e t of c o n t r o l l a b l e s t a t e s 
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R(Q) i s t h e s e t of v e c t o r s i n t h e two d i m e n s i o n a l v e c t o r s p a c e w i t h t h e 
b a s i s ( w h i c h , of c o u r s e , i s n o t u n i q u e ) 
~-l " 0" 
{x_2, x_3> = < 1 » 1 > 
1 - 1 
— u 
The p r o j e c t o r of t h e s t a t e s p a c e Z on t h e s p a c e R(Q)~- i s t h e 
o p e r a t o r 
E = 
" 2 / 3 - 1 / 3 - 1 / 3 
- 1 / 3 2 / 3 - 1 / 3 
- 1 / 3 - 1 / 3 2 / 3 
and we can e a s i l y v e r i f y t h a t t h e p r o d u c t 
E Q = 
1 1 1 
1 1 1 
1 1 1 
i s a z e r o m a t r i x . Hence , t h e sy s t em i s i n v a r i a n t i n t h e two d i m e n s i o n a l 
T 
v e c t o r s p a c e spanned by t h e v e c t o r s x^ = [-2 1 1] and x^ = 
T 
[0 1 - 1 ] , i . e . , i n t h e p l a n e which goes t h r o u g h t h e o r i g i n and i s 
T 
p e r p e n d i c u l a r t o t h e v e c t o r x_̂  = [ 1 1 1] 
* 
Two d y n a m i c a l s y s t e m s S and S a r e s a i d t o b e e q u i v a l e n t i f 
t h e r e i s a n o n s i n g u l a r n x n m a t r i x P w i t h c o n s t a n t e l e m e n t s such t h a t 
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P x x ( t ) = z ( t ) 
where x ( t ) i s t h e s t a t e v a r i a b l e of S and z^(t) i s t h e s t a t e v a r i -
a b l e of S . I t h a s b e e n shown [15] t h a t t h e c o n c e p t s of c o n t r o l l a ­
b i l i t y and o b s e r v a b i l i t y a r e i n t r i n s i c , i n t h e s e n s e t h a t t h e y a r e p r e ­
s e r v e d u n d e r e q u i v a l e n c e . More s p e c i f i c a l l y , i f P i s a n o n s i n g u l a r 
n x n m a t r i x and x . ( t ) = P ^ x . ( t ) , t h e n t h e s y s t e m 
x ( t ) = f [ x ( t ) , u ( t ) , t ] 
£ ( t ) = & [ x ( t ) , u ( t ) , t ] 
i s c o n t r o l l a b l e ( o b s e r v a b l e ) i f and o n l y i f t h e e q u i v a l e n t s y s t e m 
l ( t ) = p " 1 f [ P z ( t ) , u ( t ) , t ] 
y_(t) = g [ P z ( t ) , u ( t ) , t ] 
i s c o n t r o l l a b l e ( o b s e r v a b l e ) . However, i t i s i m p o r t a n t t o n o t e t h a t 
e q u i v a l e n c e r e f l e c t s o n l y on t h e d i m e n s i o n a l i t y of t h e c o n t r o l l a b l e and 
i n v a r i a n t s t a t e s p a c e s : i f two s y s t e m s S and S a r e e q u i v a l e n t , 
t h e n t h e d i m e n s i o n of t h e s p a c e of c o n t r o l l a b l e ( o b s e r v a b l e ) s t a t e s of 
t h e s y s t e m S i s e q u a l t o t h e d i m e n s i o n of t h e s p a c e of c o n t r o l l a b l e 
( o b s e r v a b l e ) s t a t e s of t h e s y s t e m S . By t h e same t o k e n , t h e d i r e c t 
complements of t h e s p a c e of c o n t r o l l a b l e s t a t e s of t h e s e two s y s t e m s a r e 
a l s o of t h e same d i m e n s i o n a l i t y . On t h e o t h e r h a n d , s i m i l a r i t y t r a n s ­
f o r m a t i o n does a f f e c t s e l e c t i v e c o n t r o l l a b i l i t y and i n v a r i a n c e i n t h e 
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s e n s e t h a t t h e components of t h e s t a t e v e c t o r which a r e c o n t r o l l a b l e or 
i n v a r i a n t i n t h e sys t em S migh t n o t b e t h o s e which a r e c o n t r o l l a b l e or 
i n v a r i a n t i n s y s t e m S 
Among t h e s y s t e m s S wh ich a r e e q u i v a l e n t t o t h e g i v e n sys t em 
S, of p a r t i c u l a r i n t e r e s t i s t h e s y s t e m i n which t h e b a s i s of t h e s u b -
s p a c e of t h e c o n t r o l l a b l e s t a t e s i s c h o s e n from among v e c t o r s c o - l i n e a r 
w i t h t h e c o o r d i n a t e a x e s , i . e . , a s u b s e t of t h e n a t u r a l b a s i s . I t i s 
c l e a r t h a t i n such a c a s e t h e b a s i s of t h e o r t h o g o n a l complement of t h e 
s e t of c o n t r o l l a b l e s t a t e s , i . e . , t h e b a s i s of t h e s e t of i n v a r i a n t 
s t a t e s , c o n s i s t s a l s o of v e c t o r s c o - l i n e a r w i t h c o o r d i n a t e a x e s . We can 
o b t a i n such a sy s t em a s f o l l o w s . 
L e t £ = R(Q) + R(Q)-- and l e t { x ^ , x_ 2, x^} b e t h e b a s i s 
f o r R ( Q ) . L e t » ^ b e t n e b a s i s of R(Q) 4 - . Then 
{ x - , x _ , x } i s t h e b a s i s of E . L e t P : E E b e a l i n e a r —1 —2 —n 
t r a n s f o r m a t i o n of r a n k n c o r r e s p o n d i n g t o t h e above b a s i s . I f t h e 
s y s t e m S i s g i v e n by t h e e q u a t i o n s 
x ( t ) = A x ( t ) + B u ( t ) 
jy_(t) = F x ( t ) + G u ( t ) 
( 5 . 2 ) 
t h e n t h e e q u i v a l e n t s y s t e m S 
z ( t ) = A* z ( t ) + B* u ( t ) 
j _ ( t ) = F* _z(t) + G u ( t ) , 
( 7 . 1 1 ) 
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o b t a i n e d from S by s u b s t i t u t i n g 
x ( t ) = P . z ( t ) , 
* * 
h a s m a t r i x r e p r e s e n t a t i o n s of t h e l i n e a r t r a n s f o r m a t i o n s A and B 
i n t h e form 
A l l A 1 2 
22 
B = 
where A ^ i s a k x k m a t r i x , A ^ 2 i s k x ( n - k ) , A 2 2 i s ( n - k ) x ( n - k ) , 
* 
and B^ i s k x k . I n o t h e r w o r d s , e q u a t i o n ( 7 . 1 1 ) can b e p a r t i t i o n e d 
i n t o two v e c t o r e q u a t i o n s 
i x ( t ) = A n z ^ t ) + A 1 2 £ 2 ( t ) + ^ 1 u ( t ) 
i 2 ( t ) - A 2 2 z 2 ( t ) 
where z . ( t ) = [ ^ ( t ) , £ 2 ( t ) ] T , and [ z ^ t ) , 0 ] T e R(Q) , [ 0 , z 2 ( t ) ] T 
e R(Q)-1- . I t i s c l e a r t h a t f o r t h i s s y s t e m t h e components z ] C r f i ^ t : ^ » • • •» 
z ( t ) of t h e s t a t e v e c t o r z ( t ) a r e i n v a r i a n t , i . e . , a r e n o t a f f e c t e d n — 
by t h e i n p u t u ( t ) . 
The p roof t h a t t h e t r a n s f o r m a t i o n x_(t) = P ^ ( t ) r e s u l t s i n t h e 
above r e p r e s e n t a t i o n of t h e s y s t e m S e q u i v a l e n t t o t h e s y s t e m S i s 
g i v e n by Zadeh [ 2 9 1 ] , and w i l l n o t b e r e p e a t e d h e r e . I n s t e a d , i t w i l l b e 
i l l u s t r a t e d by an e x a m p l e . 
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Example 2 1 . C o n s i d e r t h e s y s t e m of example 20 , w i t h { [ 1 1 1] } 
t h e b a s i s of R(Q) and { [ - 2 1 1 ] T , [0 1 - 1 ] T > t h e b a s i s of 
R(Q)-- . Hence 
and 
Taking 
x ( t ) = P z ( t ) 
we o b t a i n 
z ( t ) = 
0 -± ± 
0 1 0 
0 1 0 
0 0 1 
•2 0 
1 1 
1 - 1 
z ( t ) 
( e q u a t i o n c o n c l u d e d on f o l l o w i n g p a g e . ) 
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" 1 1 r l " 
— — 







u ( t ) = 0 0 
1 
3 z ( t ) + 0 
0 
1 - 1 
0 _0_ 2 2 1 _0 1_ 
u ( t ) 
which can be p a r t i t i o n e d i n t o two v e c t o r e q u a t i o n s 
z ^ t ) = [1] z x ( t ) + [1 j ] z 2 ( t ) + [1] u ( t ) 
l 2 ( t ) = 
0 1 
where 
z ^ t ) = [ z ^ t ) ] 
z 2 ( t ) = 
'z2(t)1 
L * 3 < t ) . 
and 
z ( t ) 
L 2 2 ( T ) . 
The f o r m a l s i m i l a r i t i e s of c r i t e r i a of c o n t r o l l a b i l i t y and 
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i n v a r i a n c e imply t h a t t h e r e s h o u l d be some k i n d of d u a l i t y r e l a t i o n b e ­
tween c o n t r o l l a b l e and i n v a r i a n t s y s t e m s . And, i n d e e d , t h e r e i s such 
a r e l a t i o n , a s i t can b e s e e n from t h e f o l l o w i n g . 
Theorem ( 7 . 2 ) . C o n s i d e r t h e l i n e a r t i m e i n v a r i a n t s y s t e m 
x ( t ) = A x ( t ) + B u ( t ) 
( 5 . 2 ) 
v_(t) = F x ( t ) + G u ( t ) 
which i s c o n t r o l l a b l e i n t h e s t a t e s p a c e R(Q) of d i m e n s i o n k . Then 
t h e d u a l s y s t e m 
x ( t ) = A x ( t ) + B u ( t ) 
( 7 . 1 2 ) 
£ ( t ) = F x ( t ) + G u ( t ) 
i n which A = ( I - E ^ ) A , i s t h e o r t h o g o n a l p r o j e c t o r on R(Q) a l o n g 
R(Q)-- , and B = "C^+i* ••> * s a m a t r i x c o r r e s p o n d i n g t o some b a s i s 
i n R(Q)-- , i s i n v a r i a n t i n t h e s u b s p a c e R(Q) of t h e s t a t e s p a c e I 
of d i m e n s i o n k . 
P r o o f . The s y s t e m S i s c o n t r o l l a b l e i n t h e s u b s p a c e R(Q) of 
t h e s t a t e s p a c e £ by a s s u m p t i o n . Then, by Theorem ( 7 . 1 ) , i t i s i n v a r i ­
a n t i n t h e s u b s p a c e R(Q)-- , i . e . , i n t h e o r t h o g o n a l complement of t h e 
s u b s p a c e R ( Q ) . I f E^ i s t h e p r o j e c t o r on t h e s u b s p a c e R(Q) , t h e n 
I - E ^ , whe re I i s t h e i d e n t i t y m a t r i x , i s t h e p r o j e c t o r on t h e s u b -
s p a c e R(Q)-- [ 2 5 1 ] . 
Assume now t h a t t h e s y s t e m S i s n o t i n v a r i a n t i n t h e s u b s p a c e 
I l l 
R (Q) . Then by Theorem S I ( I I , 5 5 5 5 ) , t h e m a t r i x 
Q = E k [B ! ( I - E k ) AB :. ( ( I - E k ) A ) 2 B \ . . I ( ( I - E k H ) 1 1 " 1 B] 
i s n o t a z e r o m a t r i x . M u l t i p l y i n g t h r o u g h t h e r i g h t hand s i d e of t h e 
e x p r e s s i o n , we g e t 
E k Q = [ E k B I E k ( I - P k ) A B I I e J C I - E ^ a ) 1 1 ' 1 B] 
Now, E, B i s a z e r o m a t r i x , b e c a u s e t h e column v e c t o r s b . of t h e k — 3 
m a t r i x B a r e e l e m e n t s of R(Q)-1- by a s s u m p t i o n , and so E, _6 = 0̂  f o r 
a l l j = k + 1 , , n . The m a t r i c e s E k < l - E k ) A B , , E k ( ( I - E k ) A ) n " 
B a r e a l s o z e r o m a t r i c e s b e c a u s e 
E, ( I -E, ) = E. - E? = E - E, = 0 k k k k k k 
Hence t h e c o m p o s i t e m a t r i x E kQ i s a z e r o m a t r i x , wh ich i s a c o n t r a d i c ­
t i o n , and t h e r e f o r e t h e s y s t e m S i s i n v a r i a n t i n t h e s u b s p a c e R(Q) of 
t h e s t a t e s p a c e Z . 
We s h a l l i l l u s t r a t e t h i s i m p o r t a n t r e l a t i o n s h i p by t h e f o l l o w i n g 
Example 2 2 . C o n s i d e r a g a i n t h e s y s t e m g i v e n by t h e s t a t e e q u a ­
t i o n s 
"o 1 o" " l " 
x ( t ) = 0 1 0 x ( t ) + 1 
0 0 1_ _ 1 _ 
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We have s e e n i n Example 21, t h a t t h e s y s t e m i s c o n t r o l l a b l e i n t h e s u b -
T 
s p a c e R(Q) g e n e r a t e d by t h e v e c t o r x = [1 1 1] 
F i g u r e 1. 
One c h o i c e of a b a s i s i n R(Q)-1-* i s {[-2 1 1 ] T , [0 1 -1]T} . The 
p r o j e c t o r on R(Q) a l o n g R(Q)-1- i s 
1 1 1 
3 3 3 
I I I 
3 3 3 
Hence , by t h e p r e c e d i n g t h e o r e m , t h e s y s t e m 
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"0 1 o " ~-2 o " 
X 0 1 0 x ( t ) + 1 1 
0 0 1_ _ 1 - 1 _ 
u ( t ) 
x ( t ) + 
•2 0 
1 1 
1 - 1 
u ( t ) 
i s i n v a r i a n t i n t h e s u b s p a c e R(Q) w i t h r e s p e c t t o any i n p u t _ u ( t ) . The 
s p a c e s R(Q) and R(Q)-1- a r e shown on t h e d i a g r a m F i g u r e 1 . 
The Theorem 7 .2 can b e f o r m u l a t e d i n a somewhat d i f f e r e n t f a s h i o n 
which can s e r v e as a handy c r i t e r i a f o r c o n t r o l l a b i l i t y and i n v a r i a n c e . 
Namely: 
C o r o l l a r y ( 7 . 2 ) . The l i n e a r c o n s t a n t p a r a m e t e r d y n a m i c a l s y s t e m 
x ( t ) = A x ( t ) + B u ( t ) 
( 5 . 2 ) 
y_(t) = F x ( t ) + G u ( t ) 
i s c o n t r o l l a b l e ( i n v a r i a n t ) i n t h e s u b s p a c e R(Q) of t h e s t a t e s p a c e E 
i f and on ly i f t h e d u a l s y s t e m 
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x ( t ) = A x ( t ) + B u ( t ) 
( 7 . 1 2 ) 
£ ( t ) = F x ( t ) + G u ( t ) 
i s i n v a r i a n t ( c o n t r o l l a b l e ) i n t h e same s u b s p a c e R(Q) , whe re A and 
B a r e d e f i n e d as i n Theorem ( 7 . 2 ) . 
The re i s a l s o an i m p o r t a n t r e l a t i o n s h i p be tween s t a t e c o n t r o l l a ­
b i l i t y and o u t p u t i n v a r i a n c e as t h e f o l l o w i n g theorem s h o w s . 
Theorem ( 7 . 3 ) . C o n s i d e r t h e c o n s t a n t p a r a m e t e r d y n a m i c a l s y s t e m . 
x ( t ) = A x ( t ) + B u ( t ) 
( 5 . 2 ) 
v_(t) = F x ( t ) + G u ( t ) 
I f t h e s y s t e m i s c o n t r o l l a b l e i n t h e s u b s p a c e R(Q) of t h e s t a t e s p a c e 
E , t h e n t h e s y s t e m 
x ( t ) = A x ( t ) + B u ( t ) 
( 7 . 1 3 ) 
y_(t) = B T x ( t ) 
i s a p r o p e r o u t p u t i n v a r i a n t s y s t e m where B i s a m a t r i x c o r r e s p o n d i n g 
t o some b a s i s (2LI,J.I > • • •» x ) ° f t n e s u b s p a c e R(Q)-- . 
P r o o f f o l l o w s i m m e d i a t e l y from Theorem 0 1 ( 1 1 , 6 6 6 6 ) , s i n c e 
H = 
[B TB I BTAB 1 ... I B T A n _ 1 B I D] 
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i s a z e r o m a t r i x b e c a u s e B B i s a z e r o m a t r i x due t o t h e o r t h o g o n a l i t y 
of column v e c t o r s of B w i t h r e s p e c t t o B, R(Q) i s i n v a r i a n t s u b -
s p a c e u n d e r t r a n s f o r m a t i o n A, and D i s a z e r o m a t r i x by a s s u m p t i o n . 
Example 2 3 . For t h e s t a t e e q u a t i o n s of example 2 0 , t h e s y s t e m 
0 1 o " " l " 
x ( t ) = 0 1 0 x ( t ) + 1 
_0 0 1_ _1_ 
u ( t ) 
y_(t) = 
•2 1 1 
0 1 - 1 
x ( t ) 
i s a p r o p e r o u t p u t i n v a r i a n t s y s t e m . 
A d i r e c t c o n s e q u e n c e of t h e p r e c e d i n g d i s c u s s i o n s i s a l s o t h e f o l ­
l owing t h e o r e m , w h i c h , r e g a r d l e s s of i t s s i m p l i c i t y , h a s i m p o r t a n t p r a c ­
t i c a l a p p l i c a t i o n s . 
Theorem ( 7 . 4 ) . C o n s i d e r t h e s y s t e m ( 5 . 2 ) . I f t h e s y s t e m i s n o t 
s e l e c t i v e l y u n i f o r m l y i - t h s t a t e ( o r i - t h o u t p u t ) c o n t r o l l a b l e ( i n v a r i ­
a n t ) w i t h r e s p e c t t o some i n p u t u ( t ) , j = 1 , 2 , r , t h e n i t i s 
s e l e c t i v e l y u n i f o r m l y i - t h s t a t e ( o r i - t h o u t p u t ) i n v a r i a n t ( c o n t r o l l a ­
b l e ) w i t h r e s p e c t t o t h e same i n p u t u ^ ( t ) . 
P r o o f f o l l o w s i m m e d i a t e l y from C o r o l l a r y S C ( I , 4444) and SI ( I , 
4444) f o r s t a t e c o n t r o l l a b i l i t y and i n v a r i a n c e , and from C o r o l l a r i e s 
0 C ( I , 4444) and 0 1 ( 1 , 4444) f o r o u t p u t c o n t r o l l a b i l i t y and i n v a r i a n c e , 
r e s p e c t i v e l y . 
Note t h a t t h i s t heo rem c a n n o t b e g e n e r a l i z e d t o n o n - s e l e c t i v e 
c o n t r o l l a b i l i t y or i n v a r i a n c e , f o r i n s t a n c e , t o c o n t r o l l a b i l i t y of some 
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s e t of s t a t e ( o r o u t p u t ) components w i t h r e s p e c t t o s i n g l e o r s e v e r a l 
components of t h e i n p u t v e c t o r . 
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CHAPTER V I I I 
RELATION BETWEEN OBSERVABILITY AND INVARIANCE 
Many r e l a t i o n s b e t w e e n o b s e r v a b i l i t y f o l l o w d i r e c t l y from t h e 
d u a l i t y theorem ( 6 . 1 ) l i n k i n g o b s e r v a b i l i t y and c o n t r o l l a b i l i t y and t h e 
theorem ( 7 . 2 ) l i n k i n g c o n t r o l l a b i l i t y t o i n v a r i a n c e . 
We have a l r e a d y n o t e d ( s e e p . 84) t h a t t h e s t a t e s p a c e E can b e 
decomposed i n t o a d i r e c t sum of t h e s u b s p a c e of o b s e r v a b l e s t a t e s R(H) 
and t h e s u b s p a c e of u n o b s e r v a b l e s t a t e s R(H)-- , b o t h of which a r e l i n e a r 
s u b s p a c e s of E , so t h a t 
E = R(H) © R(H)--
F u r t h e r m o r e , t h e s u b s p a c e of u n o b s e r v a b l e s t a t e s R(H)-4- i s i n v a r i a n t 
unde r t h e l i n e a r t r a n s f o r m a t i o n A. 
Now, we have f i r s t of a l l t h e 
Theorem ( 8 . 1 ) . C o n s i d e r t h e s y s t e m Eq. ( 5 . 2 ) , i . e . , 
x ( t ) = A x ( t ) + B u ( t ) 
y_(t) = F x ( t ) + G u ( t ) 
which i s o b s e r v a b l e i n some s u b s p a c e R(H) of t h e s t a t e s p a c e E . 
Then t h e s y s t e m 
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x ( t ) = - A T x ( t ) + F T u ( t ) 
£ ( t ) = B T £ ( t ) + G u ( t ) 
i s s t a t e - i n v a r i a n t i n t h e s u b s p a c e R(H)-1- of t h e s t a t e s p a c e E . 
P roof f o l l o w s i m m e d i a t e l y from t h e Theorem ( 6 . 1 ) and Theorem 
( 7 . 2 ) . 
I f t h e sy s t em ( 5 . 2 ) i s u n o b s e r v a b l e i n some s u b s p a c e R(H)-- of 
t h e s t a t e s p a c e E , t h e n t h e r e e x i s t s an e q u i v a l e n t s y s t e m f o r which 
t h e b a s i s v e c t o r s of t h e s p a c e R(H)-4- c o i n c i d e w i t h some of t h e c o o r ­
d i n a t e a x e s . I t i s a g a i n t h e q u e s t i o n of s e l e c t i n g an a p p r o p r i a t e b a s i s 
and t h e p r o c e d u r e i s a n a l o g o u s t o t h a t i n t h e p r e v i o u s s e c t i o n . 
T h u s , l e t E = R(H) + R(H)-- and l e t {x , x , x . } b e t h e 
— — J 
b a s i s f o r R ( H ) . We can e x t e n d t h i s b a s i s t o form t h e b a s i s { x ^ , 
x^} of t h e s t a t e s p a c e E w i t h { X j + ^ , x^} b e i n g t h e b a s i s of 
R(H)-- . I f t h e sy s t em S i s g i v e n by t h e e q u a t i o n s 
x ( t ) = A x ( t ) + B u ( t ) 
X ( t ) = F x ( t ) + G u ( t ) 
and P i s a l i n e a r t r a n s f o r m a t i o n c o r r e s p o n d i n g t o t h e b a s i s 
{x^ , X j , 2ij+]_> • • •» > t h e n by s u b s t i t u t i n g 
x ( t ) = P z ( t ) 
we o b t a i n an e q u i v a l e n t s y s t e m S 
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z ( t ) = A° z ( t ) + B° u ( t ) 
jy_(t) = F _z(t) + G u ( t ) 
i n which t h e m a t r i c e s A° and F ° h ave t h e form 
A° A° 12 A 2 2 
; F [FJ : 0 ] , 
where A°^ i s a j x j m a t r i x , A ° 2 i s ( n - j ) x j , A ° 2 i s ( n - j ) x 12 
( n - j ) , and F i s p x j m a t r i x . Assuming G = 0 , we can p a r t i t i o n t h e 
above e q u a t i o n i n t o two v e c t o r e q u a t i o n s 
i ^ t ) = AJ 1 z ^ t ) + u ^ t ) 
l 2 ( t ) = A ° 2 z ^ t ) + A ° 2 £ 2 ( t ) + B° u 2 ( t ) 
and 
ZoM = 0 
so t h a t i t i s o b v i o u s t h a t t h e s y s t e m i s o u t p u t i n v a r i a n t w i t h r e s p e c t t o 
t h e o u t p u t components c o m p r i s i n g t h e s u b v e c t o r y _ 2 ( t ) . 
The p roof of t h e above p r o p o s i t i o n i s e s s e n t i a l l y t h e same a s 
Z a d e h ' s [29] p roof f o r t h e d e c o m p o s i t i o n of t h e s t a t e s p a c e i n t o 
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c o n t r o l l a b l e s u b s p a c e and i t s o r t h o g o n a l complement , e x c e p t t h a t h e r e i t 
i s t h e s e t of u n o b s e r v a b l e s t a t e s R(H)- 1- which i s an i n v a r i a n t s u b s p a c e 
unde r l i n e a r t r a n s f o r m a t i o n A. 
F i n a l l y , we h a v e a l s o t h e a n a l o g u e of t h e d u a l i t y t h e o r e m r e l a t i n g 
o b s e r v a b i l i t y t o i n v a r i a n c e , i . e . , 
Theorem ( 8 . 2 ) . The l i n e a r t i m e - i n v a r i a n t d y n a m i c a l s y s t e m Equa­
t i o n ( 5 . 2 ) , i . e . , 
x ( t ) = A x ( t ) + B u ( t ) 
y_(t) = F x ( t ) + G u ( t ) 
i s o b s e r v a b l e ( i n v a r i a n t ) i n t h e s u b s p a c e R(H) of d i m e n s i o n j g e n e r a -
T * T T * * T TI^I T t e d by t h e column v e c t o r s of t h e m a t r i x [F '. A F * . . . . * . (A ) F ] 
i f and on ly i f t h e d u a l s y s t e m 
x ( t ) = A x ( t ) + B u ( t ) 
y_(t) = F x ( t ) + G u ( t ) 
i s i n v a r i a n t ( o b s e r v a b l e ) i n t h e s u b s p a c e R(H)- J- . He re t h e m a t r i x A = 
T 
( E ^ - I ) A , t h e m a t r i x B i s a n x ( n - j ) m a t r i x c o r r e s p o n d i n g t o some 
b a s i s (X_J+-L» • • • > 2^ ) ° f t n e s u b s p a c e R (H ) -K 
Example 2 4 . C o n s i d e r t h e s y s t e m 
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* ( t ) = 
0 1 0 
0 0 1 
0 -1 -2 
x ( t ) + u(t) 
V ( t ) = [ 0 1 1 ] x ( t ) 
The observability matrix for this system is 
Hence, the set of observable states is the one dimensional space genera-
T 
ted by the vector [0 1 1 ] . In order to transform the system into 
the canonical form, we choose as the basis of the orthogonal complement 
R(H)-- , i.e., of the space of unobservable states, the vectors {[1 0 
T T 0] , [0 -1 1] } . Then the corresponding matrix is 
and 
P = 
0 1 0 
1 0 -1 
1 0 1 
-1 0 0 
o 1 
Substituting 
x ( t ) = P z ( t ) 
i n t o o u r s y s t e m s e q u a t i o n s , we o b t a i n 
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— 
0 l 2 
l " 
2 0 1 0 0 1 1 
i ( t ) = 1 0 0 X 0 0 1 X 1 0 -1 z ( t ) 
0 -1 2 
1 




± ± 1 2 2 
u ( t ) 
y ( t ) = [0 1] 
0 1 0 
1 0 - 1 
1 0 1 
z ( t ) 
- l 0 0 _1_ 
i ( t ) = I 0 -1 z ( t ) 0 
-2 0 -1 0 
u ( t ) 
y ( t ) = [ 2 0 0] z . ( t ) 
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T h i s can b e p a r t i t i o n e d i n t o v e c t o r e q u a t i o n s 
i±(t) = [ - 1 ] z ^ t ) + [ 1 ] u ( t ) 
" - 1 " "0 - l " 
i2(t) = 
z ^ t ) + 
_-2_ 0 - 1 _ 
y ( t ) = [ 2 ] _ z x ( t ) + 0 * z 2 ( t ) 
z 2 ( t ) 
where 
- l ( t ) = t z 1 ( t ) ] ; z 2 ( t ) = 
z 2 ( t ) 
z 3 ( t ) 
1 2 4 
CHAPTER IX 
INTERACTION ANALYSIS 
I n f o r m a l i z i n g t h e c o n c e p t of i n t e r a c t i o n i n m u l t i v a r i a b l e o r 
m u l t i d i m e n s i o n a l s y s t e m s , i t i s e x p e d i e n t t o i n t r o d u c e t h e n o t i o n of 
" s e t s of i n p u t s " {u} , " s e t s of s t a t e s " {x} and " s e t s of o u t p u t s " 
{y} t o i n d i c a t e s e t s of components of t h e i n p u t , s t a t e and o u t p u t v e c -
t o r s . The p u r p o s e of t h i s n o t a t i o n i s t o i n d i c a t e t h a t o n l y c e r t a i n 
components of t h e i n p u t , s t a t e o r o u t p u t v e c t o r s a r e b e i n g c o n s i d e r e d , 
w i t h o u t making any i m p l i c a t i o n s as t o t h e b e h a v i o r of o r e f f e c t on o t h e r 
components of t h e s e v e c t o r s . 
I t i s p o s s i b l e t o c l a s s i f y i n t e r a c t i o n s i n m u l t i v a r i a b l e or m u l t i ­










I n p u t - i n p u t i n t e r a c t i o n s be tween some s e t s {u} . 
I n p u t - s t a t e i n t e r a c t i o n s be tween s e t s {u} and {x} . 
I n p u t - o u t p u t i n t e r a c t i o n s be tween {u} and {y} . 
S t a t e - i n p u t i n t e r a c t i o n s be tween {x} and (u} . 
S t a t e - s t a t e i n t e r a c t i o n s be tween some s e t s {x} . 
S t a t e - o u t p u t i n t e r a c t i o n s be tween {x} and {y} . 
O u t p u t - i n p u t i n t e r a c t i o n s be tween {y} and {u} . 
O u t p u t - s t a t e i n t e r a c t i o n s be tween {y} and {S} . 
O u t p u t - o u t p u t i n t e r a c t i o n s be tween some s e t s {y} . 
The main r e a s o n f o r t h i s change of n o t a t i o n i s t h a t t h e t e r m i ­
n o l o g y i n t e rms of s u b s p a c e s becomes v e r y c l u m s y . 
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The q u e s t i o n migh t be r a i s e d w h e t h e r one s h o u l d d i f f e r e n t i a t e b e ­
tween , s a y , s t a t e - o u t p u t and o u t p u t - s t a t e i n t e r a c t i o n s . I t seems t h a t 
such a d i f f e r e n t i a t i o n i s j u s t i f i a b l e and u s e f u l b e c a u s e of t h e l a c k of 
c o m m u t a t i v i t y p r o p e r t y of i n t e r a c t i o n s . As an i l l u s t r a t i o n , c o n s i d e r 
s y s t e m s shown i n F i g u r e s 2 and 3 . I n t h e s y s t e m shown i n F i g u r e 2 i t i s 
f e a s i b l e t o t a l k a b o u t o u t p u t - s t a t e i n t e r a c t i o n be tween t h e s e t s x^ 
and y^ , b u t t h e r e i s no s t a t e - o u t p u t i n t e r a c t i o n be tween t h o s e two 
s e t s . S i m i l a r l y , i n t h e s y s t e m shown i n F i g u r e 3 one can t a l k a b o u t 
s t a t e - o u t p u t i n t e r a c t i o n be tween t h e s t a t e s e t YL^ and o u t p u t s e t 
y^ , b u t t h e r e i s no o u t p u t - s t a t e i n t e r a c t i o n . I t i s b e c a u s e of t h e 
i n h e r e n t a s s u m p t i o n of t h e u n i d i r e c t i o n a l s i g n a l f low t h a t t h e d i s c r i m i ­
n a t i o n i n t h e " d i r e c t i o n " of i n t e r a c t i o n i s r e q u i r e d . 
u 






F i g u r e 3 . 
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9 . 1 I n t e r a c t i o n S t r u c t u r e s . I n g e n e r a l , we s h a l l s a y t h a t some 
two s e t s of v a r i a b l e s i n a s y s t e m , f o r e x a m p l e , t h e s t a t e s e t {x^} and 
t h e o u t p u t s e t » a r e n o n - i n t e r a c t i n g i f and o n l y i f t h e v a l u e s 
which t h e e l e m e n t s of t h e s e t {y^} can assume do n o t depend on t h e 
v a l u e s which t h e e l e m e n t s of t h e s e t {x^} can a s s u m e . 
Hence , i t f o l l o w s i m m e d i a t e l y t h e 
P r o p o s i t i o n ( 9 . 1 ) . C o n s i d e r t h e l i n e a r d y n a m i c a l s y s t e m E q . ( 5 . 2 ) . 
The s e t of v a r i a b l e s " ^ - j ^ » i £ ^ » a n c * t n e s e t ° f v a r i a b l e s ^ n j ^ > 
where £^ and n d e n o t e t h e components of e i t h e r i n p u t , s t a t e , o r o u t ­
p u t v e c t o r s , a r e n o n - i n t e r a c t i n g s e t s i f and on ly i f t h e s e t » i £ I » 
i s i n v a r i a n t w i t h r e s p e c t t o t h e s e t » J e ^ * O t h e r w i s e t h e s e t s 
(C^) and a r e i n t e r a c t i n g . 
On t h e b a s i s of t h e above p r o p o s i t i o n , we can a p p l y i n a s t r a i g h t ­
fo rward manner t h e a p p r o p r i a t e c r i t e r i a of i n v a r i a n c e t o a n a l y z e t h e i n ­
t e r a c t i o n s t r u c t u r e of a g i v e n s y s t e m . To o b t a i n a c o m p l e t e p i c t u r e of 
t h e i n t e r a c t i o n s t r u c t u r e , t h e a n a l y s i s would h a v e t o c o v e r a l l p o s s i b l e 
c o m b i n a t i o n s of t h e s u b s e t s of t h e s e t s i n v o l v e d . F o r t u n a t e l y , i t i s 
enough t o e s t a b l i s h t h e e x i s t e n c e o r n o n - e x i s t e n c e of i n t e r a c t i o n be tween 
i n d i v i d u a l e l e m e n t s of t h e s e t s . These i n t e r a c t i o n o r n o n - i n t e r a c t i o n 
r e l a t i o n s be tween t h e i n d i v i d u a l e l e m e n t s of t h e s e t s w i l l b e c a l l e d 
b a s i c i n t e r a c t i o n s . I t w i l l b e shown t h a t i n t e r a c t i o n s be tween any s u b ­
s e t s of t h e s e t s can b e d e r i v e d from t h e b a s i c i n t e r a c t i o n s . 
I t h a s b e e n shown ( s e e page 94) t h a t , f o r example , t h e s e t of 
s t a t e components {x^} , i e l (where I i s some i n d e x s e t ) , i s i n v a r i ­
a n t w i t h r e s p e c t t o some i n p u t u , j = 1 , 2 , r , i f and o n l y 
i f each e l e m e n t x . , i e l , i s i n v a r i a n t w i t h r e s p e c t t o u . 
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F u r t h e r m o r e , some component x ^ , i = 1 , 2 , . . , n , of t h e s t a t e v e c t o r 
x ( t ) i s i n v a r i a n t w i t h r e s p e c t t o t h e i n p u t s e t {u^} , J E J , i f and 
on ly i f x^ i s i n v a r i a n t w i t h r e s p e c t t o each e l e m e n t of t h e s e t ^ u j ^ > 
j e j , i n d i v i d u a l l y . 
We can g e n e r a l i z e t h e above s t a t e m e n t i n t e rms of t h e p r o p o s i t i o n 
9 . 2 a s f o l l o w s : 
P r o p o s i t i o n ( 9 . 2 ) . C o n s i d e r t h e l i n e a r d y n a m i c a l s y s t e m ( 5 . 2 ) . 
The s e t of v a r i a b l e s » i £ I > a n < ^ t n e s e t of v a r i a b l e s ^ n j ^ » » 
whe re and n^ d e n o t e components of e i t h e r i n p u t , s t a t e , o r o u t p u t 
v e c t o r s , a r e n o n - i n t e r a c t i n g s e t s i f and o n l y i f e v e r y e l e m e n t of t h e 
s e t i- s i n v a r i a n t w i t h r e s p e c t t o e v e r y e l e m e n t of t h e s e t ^ j " ^ ' 
O t h e r w i s e t h e s e t s and ^ n j ^ a r e i n t e r a c t i n g . 
Now, l e t p d e n o t e t h e i n t e r a c t i o n r e l a t i o n i n t h e s e t s 
and (n.) and d e f i n e t h e m a t r i x ( r . . ) by 
J » 3 
r . . = < 
i f £. pn . f o r some 
1 3 i e l and 
j e J 
o t h e r w i s e 
where 5 . p n . means t h a t t h e e l emen t £. of t h e s e t { £ . } , i e l » i s l j I i 
i n t e r a c t i n g w i t h t h e e l e m e n t n of t h e s e t ^ n j ^ » 3£J* T h i s m a t r i x 
s h a l l b e c a l l e d b a s i c i n t e r a c t i o n m a t r i x . E v i d e n t l y , t h e p r o c e d u r e f o r 
c o n s t r u c t i n g a b a s i c i n t e r a c t i o n m a t r i x can be r e v e r s e d . Given any 
k x 1 m a t r i x 
128 
r l l r 1 2 r l l 
r 2 1 r 2 2 r 2 1 
r k l r k 2 r k l 
w i t h c o e f f i c i e n t s r . . e B = {0 , 1 } , we can d e f i n e an i n t e r a c t i o n r e l a -
i j 
t i o n 
p : Z x Z B 
on Z = {t, C^} t o Z = (n-j ,̂ n^} by s e t t i n g 
p(C ±, n.) = r ( 1 x< i N< k , 1 $ j « 1) 
Example 2 5 . C o n s i d e r t h e s y s t e m g i v e n by t h e s t a t e e q u a t i o n 
0 2 0 0 1 0 
x ( t ) = 0 0 0 x ( t ) + 0 0 2 u ( t ) 
2 2 0 2 1 0 
We can e a s i l y v e r i f y , by a p p l y i n g Theorem S C ( I , 4 4 4 4 ) t o each p a i r ( u . 
x . ) , t h a t t h e b a s i c i n p u t - s t a t e i n t e r a c t i o n m a t r i x i s 
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From t h e b a s i c i n t e r a c t i o n m a t r i x we can o b t a i n t h e c o m p l e t e in ­
t e r a c t i o n m a t r i x , i n d i c a t i n g i n t e r a c t i o n r e l a t i o n s h i p be tween any s u b ­
s e t s of t h e s e t s { } and ^ n j ^ > by t h e f o l l o w i n g s i m p l e p r o c e d u r e . 
L e t > i e I » a n a " 9 3 s J ( w b e r e I and J a r e some 
i n d e x s e t s ) be s u b s e t s of t h e s e t s {?} and { n } , r e p r e s e n t i n g t h e com­
p o n e n t s of v e c t o r s B_ and n_ . Denote by p t h e i n t e r a c t i o n r e l a ­
t i o n b e t w e e n t h e s u b s e t s {z;̂ } , i e l , and ^ n j ^ > J £ j r > i . e . P 
{ r i j } • The m a t r i x ^ s i j ^ d e f i n e d by 
8 . . = < 
1 J ^ 
i f r,̂  p f o r some £^ e 
and r\ e 
otherwise 
r e p r e s e n t s t h e c o m p l e t e s t r u c t u r e of i n t e r a c t i o n i n t h e s y s t e m and i s 
c a l l e d t h e i n t e r a c t i o n m a t r i x . 
Example 2 6 . I n t h e p r e v i o u s e x a m p l e , t h e c o m p l e t e i n t e r a c t i o n 
m a t r i x i s 
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{ u l } ( u 2 > ( u 3 > { u ^ . u ^ } { u 2 , u 3 > { u 1 } u 2 
{X1} 0 1 1 1 1 1 1 
( x 2 > 0 0 1 0 1 1 1 
{x 3} 1 1 1 1 1 1 1 
{xpX 2> 0 1 1 1 1 1 1 
{x 1,x 3> 1 1 1 1 1 1 1 
^ x 2 , x 3 } 1 1 1 1 1 1 1 
{ x ^ , x 2 » x ^ } 1 1 1 1 1 1 1 
Hence , i n t h e above s y s t e m , t h e n o n i n t e r a c t i n g i n p u t - s t a t e s e t s 
a r e : { u ^ p~ { x ^ , {u^} jr { x 2 > , {u 2 > p" { x 2 > , {u^} p~ { x ^ , x 3 > and { u ^ , u 2 > 
p" ( x 2 > 
I n t h e r e m a i n d e r of t h i s c h a p t e r we s h a l l b e c o n c e r n e d w i t h on ly 
two t y p e s of i n t e r a c t i o n s , i . e . , 
(A) I n p u t - s t a t e i n t e r a c t i o n s b e t w e e n s e t s { u ^ } , i e l > and ^-Xj^» 
j e J . 
(B) I n p u t - o u t p u t i n t e r a c t i o n s be tween s e t s { u ^ } , i e l , and 
{y k > , keK. 
w h e r e I , J , K a r e some i n d e x s e t s . I n t e r a c t i o n s of t h i s t y p e o c c u r v e r y 
o f t e n i n r e a l l i f e s y s t e m s and i t w i l l b e shown h e r e t h a t b o t h t h e a n a l y ­
s i s and s y n t h e s i s of i n t e r a c t i n g s y s t e m s can be c o n v e n i e n t l y pe r fo rmed 
i n t e rms of c o n t r o l l a b i l i t y , o b s e r v a b i l i t y , and i n v a r i a n c e c r i t e r i a g i v e n 
i n t h e p r e c e d i n g c h a p t e r s . 
When we a r e d e a l i n g w i t h above Type A o r Type B i n t e r a c t i o n s a 
n e c e s s a r y c o n d i t i o n t h a t some s e t { ? . } , i e l , b e s e l e c t i v e l y c o n t r o l l a b l e 
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by some s e t {ri.} , j e J , i s t h a t t h e s e t s { £ . } and ( n . ) a r e i n t e r -
a c t i n g . I f t h e y a r e n o t i n t e r a c t i n g , t h e n by d e f i n i t i o n of n o n - i n t e r ­
a c t i o n {^^} i s i n v a r i a n t w i t h r e s p e c t t o ^ n j ^ a n c * n e n c e c a n n o t b e 
c o n t r o l l e d by {rij} . However, t h e o p p o s i t e i s i n g e n e r a l n o t t r u e : 
from t h e f a c t t h a t { £ . } i s n o t i n v a r i a n t w i t h r e s p e c t t o t h e s e t ( n . ) 
J y i 
i t does n o t f o l l o w t h a t t h e s e t ( c ^ ) i s c o n t r o l l a b l e by t h e s e t ( n ^ K 
Thi s f o l l o w s i m m e d i a t e l y from t h e t heo rems of t h e c l a s s SC( , 5555) o r 
0C( , 5 5 5 5 ) . I t i s o n l y i n t h e c a s e of a s i n g l e e l e m e n t of t h e s e t 
or 
(C^) ( i . e . a s i n g l e component of t h e v e c t o r l ) i n t e r a c t i n g w i t h a 
s i n g l e component of t h e s e t t h a t t h e p r e s e n c e of i n t e r a c t i o n im­
p l i e s c o n t r o l l a b i l i t y . With t h i s i n mind , we s h a l l d e f i n e two major 
c a t e g o r i e s of i n t e r a c t i o n s as f o l l o w s : 
D e f i n i t i o n ( 9 . 1 ) . Le t » i £ l > be a s e t of t h e components of 
t h e i n p u t v e c t o r u ( t ) and , j e J , b e a s e t of components of t h e 
s t a t e v e c t o r x . ( t ) [ o r fy^} » k £ K , a s e t of t h e components of t h e o u t ­
p u t v e c t o r y _ ( t ) ] . We s h a l l s a y t h a t t h e s e t s ^ u ^ ^ a n ( * ^ " X j ^ ^ o r 
{y^}] a r e weak ly i n t e r a c t i n g i f and o n l y i f t h e s e t ^ - x j ^ t ° r ^ y k ^ * i i s v a r i a n t b u t n o t c o n t r o l l a b l e by t h e s e t • We s h a l l s a y t h a t 
t h e s e t s {u } and { x . } [ o r { y , } ] a r e s t r o n g l y i n t e r a c t i n g i f and i J k 
on ly i f t h e s e t ^ x j ^ [ ° r fyc_^ * s c o n t r o l l a b l e by t h e s e t • 
We s h a l l show t h a t u n d e r c e r t a i n c i r c u m s t a n c e s weak i n t e r a c t i o n s 
be tween s e t s ^ u - ^ a n c * ^ x j ^ ^ o r ^ k ^ C a n b e e l i m i n a t e c * by e q u i v a ­
l e n c e t r a n s f o r m a t i o n of t h e s y s t e m u n d e r c o n s i d e r a t i o n . 
9 . 2 . I n p u t - S t a t e I n t e r a c t i o n . On t h e b a s i s of p r e c e d i n g 
Here and i n t h e s e q u e l t h e t e r m v a r i a n t w i l l b e u sed t o r e p l a c e 
t h e r a t h e r clumsy e x p r e s s i o n " n o t i n v a r i a n t " . 
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p r o p o s i t i o n s and t h e o r e m s , one can a n a l y z e t h e i n p u t - s t a t e i n t e r a c t i o n s 
of a g i v e n s y s t e m i n g r e a t e r d e p t h , i . e . , one m i g h t want t o s p e c i f y n o t 
o n l y t h e f a c t t h a t some s e t s {u^} and ^ x j ^ a r e i n t e r a c t i n g , b u t a l s o 
w h e t h e r t h e y a r e weak ly o r s t r o n g l y i n t e r a c t i n g . With r e s p e c t t o t h e 
i n d i v i d u a l components of t h e i n p u t s e t ^ - u ^ a n d s t a t e s e t ^ x j - ^ » 
t h e r e i s o n l y one a l t e r n a t i v e a s s t a t e d i n t h e p r e c e d i n g s e c t i o n on i n ­
t e r a c t i o n i n g e n e r a l : e i t h e r a x^ e{x} i s n o n - i n t e r a c t i n g w i t h r e ­
s p e c t t o some U j e{u) , o r o t h e r w i s e i t i s s t r o n g l y i n t e r a c t i n g . How­
e v e r , f o r s u b s e t s c o n t a i n i n g more t h a n one e l e m e n t we can have d i s t i n c t 
c a s e s of n o n - i n t e r a c t i o n , weak i n t e r a c t i o n o r s t r o n g i n t e r a c t i o n . I f t h e 
a n a l y s i s u s i n g c r i t e r i a d e s c r i b e d i n t h e p r e c e d i n g s e c t i o n shows t h a t 
some two s e t s a n a " ^ x j ^ a r e i n t e r a c t i n g , i t i s f u r t h e r n e c e s s a r y 
t o v e r i f y c o n t r o l l a b i l i t y i n o r d e r t o d e t e r m i n e w h e t h e r i n t e r a c t i o n i s 
weak or s t r o n g . However, t h e f o l l o w i n g p r o p o s i t i o n s s i m p l i f y t h i s t a s k 
t o some e x t e n t . 
P r o p o s i t i o n ( 9 . 3 ) . The s e t of s t a t e components {x^} , i e l , i s 
weak ly i n t e r a c t i n g w i t h t h e s e t of i n p u t components ^ - u j ^ » i f a n c * 
o n l y i f t h e r e i s a t l e a s t one e l e m e n t i n t h e s e t ^ - u j ^ » J £ ^ » w i t h which 
t h e s e t {x^} , i e l i s weak ly i n t e r a c t i n g , and t h e r e i s no e l e m e n t i n 
t h e s e t ^ u j ^ » 3 £ J > w i t h which t h e s e t {x_^} , i e l , i s s t r o n g l y i n t e r ­
a c t i n g . 
P r o p o s i t i o n ( 9 . 4 ) . The s e t of s t a t e components {x^} , i e l , i s 
s t r o n g l y i n t e r a c t i n g w i t h t h e s e t of i n p u t components ^ u j - ^ » J £ J > i f 
t h e r e i s a t l e a s t one component i n t h e s e t ^ u j - ^ » J £ ^ » w i t h wh ich t h e 
s e t {x^} , i e l , i s s t r o n g l y i n t e r a c t i n g . 
Note t h a t t h e l a s t p r o p o s i t i o n g i v e s on ly s u f f i c i e n t c o n d i t i o n 
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f o r s t r i c t i n t e r a c t i o n , b u t t h e c o n d i t i o n i s n o t n e c e s s a r y . I t i s p o s s i ­
b l e t o have s i t u a t i o n s whe re t h e r e m i g h t b e no s t r o n g i n t e r a c t i o n be tween 
a s e t of s t a t e components {x^} , i e l , and t h e i n d i v i d u a l e l e m e n t s of 
t h e s e t { u , } , i e J , b u t t h e s e t s { x , } and { u . } as such a r e n e v e r -
j i J 
t h e l e s s s t r o n g l y i n t e r a c t i n g . Hence , i n such c a s e s i t i s n e c e s s a r y t o a p p l y 
t h e c r i t e r i a f o r s t r o n g i n t e r a c t i o n , g i v e n i n t h e d e f i n i t i o n , d i r e c t l y . 
Example 2 7 . C o n s i d e r t h e s y s t e m g i v e n by t h e s t a t e e q u a t i o n 
0 1 0 
x ( t ) = 0 1 0 
0 0 1 
x ( t ) + u ( t ) 
For t h i s s y s t e m , we have 
[_L • A b . 9 : A b ] 
*2 
and 
Q = [B I A B *. A B ] -
1 1 1 1 1 1 
1 1 1 1 1 1 
1 1 1 1 1 1 
Le t us d e n o t e n o n - i n t e r a c t i o n by 0 , weak i n t e r a c t i o n by 1 , and s t r o n g 
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i n t e r a c t i o n by @ . A f t e r c h e c k i n g i n v a r i a n c e and c o n t r o l l a b i l i t y of 
v a r i o u s s e t s of s t a t e componen t s , w i t h r e s p e c t t o v a r i o u s i n p u t combina­
t i o n s , we can summarize t h e r e s u l t s i n t h e T a b l e b e l o w : 
( u 2 ) { U 1 , U 2 } 
© © 1 
( x 2 ) • © 0 1 
{ x 3 } © ® 1 
{ x 1 , x 2 } © © 1 
{ x 1 , x 2 > © © © 
{ x 2 , x ^ } © © 1 
© © © 
The f i r s t t h r e e e n t r i e s i n t h e column { u ^ , u 2 } h a v e been o b t a i n e d 
from t h e e n t r i e s i n t h e f i r s t two columns by u s i n g t h e P r o p o s i t i o n ( 9 . 4 ) 
b u t t h e r e m a i n i n g e n t r i e s had t o b e o b t a i n e d by d i r e c t c a l c u l a t i o n . 
9 . 3 . I n p u t - O u t p u t I n t e r a c t i o n . What h a s been s a i d so f a r a b o u t 
i n t e r a c t i o n s i n g e n e r a l and a b o u t i n p u t - s t a t e i n t e r a c t i o n i n p a r t i c u l a r , 
i s a l s o a p p l i c a b l e t o i n p u t - o u t p u t i n t e r a c t i o n s w i t h j u s t a s i m p l e change 
i n w o r d i n g . 
The i n p u t - o u t p u t i n t e r a c t i o n m a t r i x can be c a l c u l a t e d d i r e c t l y by 
f i r s t c a l c u l a t i n g t h e b a s i c i n p u t - o u t p u t i n t e r a c t i o n m a t r i x a c c o r d i n g t o 
t h e c r i t e r i a of o u t p u t c o n t r o l l a b i l i t y ( P r o p o s i t i o n 9 . 2 ) . However , i t 
can b e a l s o o b t a i n e d from t h e b a s i c i n p u t - s t a t e i n t e r a c t i o n m a t r i x by 
t h e f o l l o w i n g : 
Theorem ( 9 . 1 ) . C o n s i d e r t h e s y s t e m E q u a t i o n ( 5 . 2 ) . L e t T 
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d e n o t e t h e b a s i c i n p u t - s t a t e i n t e r a c t i o n m a t r i x . Then t h e b a s i c i n p u t -
o u t p u t i n t e r a c t i o n m a t r i x T^ i s g i v e n by 
T = F x T + G o s 
where F and G a r e t h e z e r o - o n e m a t r i c e s d e r i v e d from t h e m a t r i c e s F 
and G u s i n g t h e f o l l o w i n g r u l e 
and 
0 i f f . s = 0 
o t h e r w i s e 
0 i f g . . = 0 
o t h e r w i s e 
and t h e o p e r a t i o n s x and + r e p r e s e n t Boo lean m a t r i x m u l t i p l i c a t i o n 
and l o g i c a l a d d i t i o n , r e s p e c t i v e l y . 
P r o o f . C o n s i d e r t h e o u t p u t e q u a t i o n of t h e s y s t e m E q u a t i o n ( 5 . 2 ) 
i . e . , 
y_(t) = F x ( t ) + G u ( t ) 
I n o r d e r t h a t t h e r e we re no i n t e r a c t i o n b e t w e e n some component 
u ^ ( t ) , i = 1, 2 , r , of t h e i n p u t v e c t o r _u(t) and some component 
y _ . ( t ) , j = 1 , 2 p , of t h e o u t p u t v e c t o r y_(t) i t i s o b v i o u s l y 
n e c e s s a r y t h a t 
(1) t h e component y . would n o t i n t e r a c t w i t h t h e component u . 
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v i a d i r e c t t r a n s m i s s i o n ( r e p r e s e n t e d by t h e s econd t e rm on t h e r i g h t ) : 
(2) t h e component y would n o t i n t e r a c t w i t h t h o s e e l e m e n t s of 
t h e s e t of components ^ x j - ^ which i n t e r a c t w i t h u^ 
Assume f i r s t t h a t G = 0 . Then t h e r e i s no i n t e r a c t i o n be tween 
some component y^ and x^ i f and on ly i f t h e e l e m e n t f ^ of t h e 
m a t r i x F i s e q u a l t o z e r o . O t h e r w i s e t h e components y^ and x^ i n ­
t e r a c t . I f we c o n s t r u c t a new m a t r i x F by l e t t i n g 
i f f. . = 0 
o t h e r w i s e 
t h e n t h e m a t r i x F w i l l r e p r e s e n t t h e s t r u c t u r e of i n t e r a c t i o n be tween 
t h e s e t s of v a r i a b l e s {y, } and { x . } . 
k 3 
Now, i f u . p x . d e n o t e s t h e i n t e r a c t i o n r e l a t i o n be tween u . and 
1 3 i 
x . and x . p y. d e n o t e t h e i n t e r a c t i o n r e l a t i o n b e t w e e n x . and y, , 
J J k 3 k 
t h e n i t i s c l e a r t h a t 
1 u . p x . = 1 and x . p y , = 1 
1 J J k 
0 o t h e r w i s e 
so t h a t t h e b a s i c i n p u t - o u t p u t i n t e r a c t i o n m a t r i x T , when G = 0 , can 
b e o b t a i n e d by t a k i n g t h e Boo lean m a t r i x p r o d u c t 
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I f G 4 0 , t h e n t h e r e i s i n t e r a c t i o n be tween some e l e m e n t s u ^ , 
i = 1 , 2 , r and y ^ , k = 1 , 2 , p , b e c a u s e of t h e d i r e c t t r a n s ­
m i s s i o n whenever y ^ k ^ 0» Th i s s t r u c t u r e i s r e p r e s e n t e d by t h e m a t r i x 
G i n which 
(ilk) - < 
0 I f g i k = 0 
o t h e r w i s e 
S i n c e 
u ± P y k = < 
0 i f u i P y k = 0 and g i k = 0 
1 o t h e r w i s e 
we g e t 
T = F x T + G o s 
whe re x and + r e p r e s e n t t h e o p e r a t i o n s of B o o l e a n m a t r i x m u l t i p l i c a ­
t i o n and l o g i c a l a d d i t i o n , r e s p e c t i v e l y . 
Example 2 8 . C o n s i d e r t h e s y s t e m S g i v e n by t h e e q u a t i o n s 
"0 2 0 " "0 1 o " 
x ( t ) = 0 0 0 x ( t ) + 0 0 2 
_2 2 0 _ _2 1 0_ 
u ( t ) 
1 3 8 
0 2 0 
-2 0 0 
0 - 3 0 
0 0 2 
x ( t ) + 
0 9 0 
- 1 2 3 
0 0 - 6 
4 0 4 
u ( t ) 
The b a s i c i n p u t - s t a t e i n t e r a c t i o n m a t r i x was f o u n d t o b e ( s e e 
Example 2 5 ) . 
O i l 
0 0 1 
1 1 1 
W i t h 
1 0 0 
1 0 0 
0 1 0 
0 0 1 
and 
G = 
0 1 0 
! 1 1 1 
0 0 1 
1 0 1 
we f i n d t h e i n p u t - o u t p u t i n t e r a c t i o n m a t r i x 
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T = F x T + G = 
"1 0 cf 
1 0 0 "0 1 r 
0 1 0 X 0 0 1 
_0 0 1_ 1 1 1_ 
ul u 2 u 3 
"0 1 0" yl "0 1 l" 
1 1 1 
y 2 
1 1 1 
0 0 1 y 3 0 0 1 
_1 0 1_ ?4 _1 1 1_ 
The interaction matrix shows that there is no interaction between the 
components and u^, y^ and and y^ and u^* The correctness 
of these results can be easily verified by direct computation. 
The above basic input-output interaction matrix can be extended 
to a complete interaction matrix by the procedure outlined on page 132. 
In this instance, we obtain 
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< y i > 
{y 2 > 
<y 3 > 
<y 4 > 
^ y 1 > y 2 ^ 
t y 1 » y 3 > 
{ y r y 4 > 
{ y 2 , y 3 > 
{ y 2 » y 4 } 
{ y 3 > y 4 > 
{ y r y 2 , y 3 } 
^ y 1 , y 2 , y 4 > 
{ y r y 3 , y 4 > 
^ y 2 , y 3 , y 4 > 
{ y 1 , y 2 » y 3 » y 4 > 
{u^} {u^} {u^} { u ^ , u 2 > { u ^ , u 3 > { u ^ j U ^ } { u ^ u ^ u ^ } 
I n a d d i t i o n t o s t r o n g i n t e r a c t i o n be tween some i n p u t and o u t p u t 
s e t s { u ^ } , i e l , and { y ^ keK, which i s a n a l o g o u s i n d e f i n i t i o n w i t h 
s t r o n g i n p u t - s t a t e i n t e r a c t i o n , we can i d e n t i f y and d e f i n e s e v e r a l o t h e r 
t y p e s of i n p u t and o u t p u t i n t e r a c t i o n , d e p e n d i n g on w h e t h e r o r n o t t h e 
i n t e r a c t i n g s e t s a r e o b s e r v a b l e o r c o n t r o l l a b l e and o b s e r v a b l e . Of p a r ­
t i c u l a r i n t e r e s t i s t h e c a s e of r e g u l a t o r y i n t e r a c t i o n which we d e f i n e 
as f o l l o w s : 
141 
D e f i n i t i o n ( 9 . 2 ) . C o n s i d e r some i n p u t , s t a t e , and o u t p u t s e t s 
{ u i > , i e l , { x ^ } , j e J , and {y^} keK. I f t h e s e t {u^} i s s t r i c t l y i n t e r ­
a c t i n g w i t h t h e s e t ^ x j J [ i . e . , i f t h e s e t {x^} i s c o n t r o l l a b l e by 
t h e s e t {u^} ] and i f t h e s e t ^ x j ^ * s o b s e r v a b l e i n t h e s e t ^ y ^ » 
t h e n we s h a l l s a y t h a t t h e s e t s ^ u - ^ a n c * a r e r e g u l a t o r i l y i n ~ 
t e r a c t i n g s e t s . 
T h i s t y p e of i n t e r a c t i o n a p p e a r s i n p rob lems w h e r e we a r e c o n ­
c e r n e d w i t h r e g u l a t i n g t h e o u t p u t and i s a s u f f i c i e n t c o n d i t i o n f o r t h e 
c o n t r o l t o e x i s t [ 1 5 ] , By r e g u l a t i n g t h e o u t p u t i t i s u n d e r s t o o d t h e 
c a p a b i l i t y t o : 
(1) d r i v e t h e o u t p u t t o z e r o ; 
(2) d e t e r m i n e t h e c o n t r o l which w i l l m a i n t a i n t h e o u t p u t a t z e r o 
t h e r e a f t e r . 
Example 2 9 . C o n s i d e r t h e l i n e a r c o n s t a n t - p a r a m e t e r d y n a m i c a l 
s y s tern 
1 0 0 1 0 
0 0 0 x ( t ) + 0 1 u ( t ) 
0 1 1 0 0 
0 0 1 0 1 
£ ( t ) = 1 1 0 x ( t ) + 1 0 u ( t ) 
1 0 0 1 0 
f o r which we h a v e 
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P l = ^ F - - 1 ' F A - - 1 ' F - • ! A.J = 
0 0 0 0 
1 1 1 1 
1 1 1 1 
= [ F b > 9 : F A b : F b > 0 : K ] = 
0 1 1 1 
1 0 0 0 
0 0 0 0 
and 
P = 
0 0 0 1 0 1 0 1 
1 1 1 0 1 0 1 0 
1 0 1 0 1 0 1 0 
I f we d e n o t e , a s i n t h e p r e v i o u s e x a m p l e s , n o n - i n t e r a c t i o n by 0 , 
weak i n t e r a c t i o n by 1 , and s t r o n g i n t e r a c t i o n by 1 , we can r e p r e s e n t 
t h e c o m p l e t e i n t e r a c t i o n s t r u c t u r e i n t h e s y s t e m as shown i n t h e t a b l e 
b e l o w : 
{ u i } { u ^ u ^ 
0 © 1 
{y 2 > © © 1 
{y 3 > 0 1 
© © 1 
< y r y 3 > © © 1 
{ y 2 > y 3 * © © 1 




The c r i t e r i a of i n t e r a c t i o n be tween i n p u t and s t a t e o r i n p u t and 
o u t p u t s e t s can be r e a d i l y a p p l i e d t o t he d e s i g n of s y s t e m s w i t h d e s i r e d 
i n t e r a c t i o n c h a r a c t e r i s t i c s . The t e c h n i q u e h a s t h e a d v a n t a g e of g i v i n g 
t h e s y s t e m ' s d e s i g n e r g r e a t f reedom and v e r s a t i l i t y i n t h e c h o i c e of an 
i n t e r a c t i o n s t r u c t u r e . He i s l i m i t e d p r a c t i c a l l y j u s t by t h e p h y s i c a l 
c o n s i d e r a t i o n s of f e a s i b i l i t y of i m p l e m e n t a t i o n of t h e chosen s t r u c t u r e . 
These l i m i t a t i o n s w i l l b e d i s c u s s e d i n t h e n e x t s e c t i o n . 
The s t e p s t o b e f o l l o w e d i n t h e s y n t h e s i s of a s y s t e m w i t h g i v e n 
i n t e r a c t i o n s p e c i f i c a t i o n s a r e d e m o n s t r a t e d i n t h e f o l l o w i n g two exam­
p l e s . 
Example 3 0 . The o b j e c t i v e i s t o d e s i g n a l i n e a r c o n s t a n t - p a r a m e t e r 
d y n a m i c a l s y s t e m w i t h two i n p u t s and t h r e e - d i m e n s i o n a l s t a t e s p a c e , i n 
which t h e i n p u t component u ^ ( t ) would n o t i n t e r a c t w i t h t h e s e t of 
s t a t e components {x^ , x ^ } , and ^ ( t ) would n o t i n t e r a c t w i t h ( x 2 ) . 
S i n c e no r e q u i r e m e n t s a r e p l a c e d on t h e o u t p u t s , we s h a l l c o n s i ­
d e r i n t h i s example o n l y t h e s t a t e e q u a t i o n 
x ( t ) = A x ( t ) + B u ( t ) 
where A i s a 3 x 3 m a t r i x , B i s a 3 x 2 m a t r i x , and t h e e l e m e n t s of 
A and B a r e t o be d e t e r m i n e d s o t h a t t h e s y s t e m would meet t h e above 
n o n - i n t e r a c t i o n r e q u i r e m e n t s . 
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F i r s t we c o n s t r u c t t h e b a s i c i n t e r a c t i o n m a t r i x , which i n t h i s 
c a s e i s 
x l 0 1 
X 2 1 0 
x„ 0 1 
3 
App ly ing t h e c r i t e r a f o r n o n - i n t e r a c t i o n g i v e n i n P r o p o s i t i o n 9 . 1 
( p . 150) and Theorem S I ( I , 4444) f o r s e l e c t i v e s t a t e i n v a r i a n c e , we f i n d 
t h a t t h e s y s t e m ' s p a r a m e t e r s have t o s a t i s f y t h e f o l l o w i n g r e q u i r e m e n t s : 
a) f o r u n ( t ) t o n o n - i n t e r a c t w i t h x n ( t ) , we must have 
b l l " a 1 2 " a 1 3 
d e t b 2 1 S - a 2 2 " a 2 3 
b 3 1 " a 3 2 s - a 3 3 
= 0 
b) f o r u n ( t ) t o n o n - i n t e r a c t w i t h x « ( t ) , we must h a v e 
11 " a 1 2 b l l 
21 a - a 2 2 b 2 1 = 0 
31 " a 3 2 b 3 1 _ 
c) f o r u 9 ( t ) t o n o n - i n t e r a c t w i t h x 0 ( t ) , we must have 
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d e t 
s " a l l b 1 2 " a 1 3 
" a 2 1 b 2 2 " a 2 3 
" a 3 1 b 3 2 s " a 3 3 
= 0 
From a) we g e t 
s - a 2 2 ) ( s - a 3 3 ) - a 2 3 a 3 2 ] + & n [b 2 1(s-a 3 3) + b ^ a ^ ] 
+ - a 1 3 [ - b 2 1 a 3 2 - b 3 1(s-a 2 2)] = 0 
+ ( b 2 1 a 1 2 + b 3 1 a 1 3 b n a 3 3 b n a 2 2 ) s + b n ( a 2 2 a 3 3 - a ^ a ^ ) 
+ b 2 i ( a i 3 a 3 2 = a 1 2 a 3 3 ) + b 3 1 ( a 1 2 a 2 3 + " a 1 3 a 2 2 ) = 0 
S i m i l a r l y , from b) and c) we g e t 
+ ( b 2 1 a 3 2 - b 3 1 a 2 2 + b n a 3 1 - b 3 1 a u ) S + b 3 1 ( a n a 2 2 - a 1 2a 2 1) 
+ b 2 1 ( a 3 1 a 1 2 " a 3 2 a l l } + b l l ( a 2 1 a 3 2 " a 3 1 a 2 2 } = 0 
+ ( b 3 2 a 2 3 ' b 2 2 a 3 3 " b 2 2 a l l + b 1 2 a 2 1 } S + b 2 2 ( a l l a 3 3 " a 1 3 a 3 1 } 
+ b 3 2 ( a 1 3 a 2 1 - a 1 1 a 2 3 ) + b 1 2 ( a 2 3 a 3 1 - a ^ a ^ ) = 0 
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For t h e above t h r e e e q u a t i o n s t o b e i d e n t i c a l l y z e r o , t h e p a r a m e t e r s 
have t o be so chosen a s t o s a t i s f y t h e s y s t e m of e q u a t i o n s . 
b l l 0 
b 3 1 0 
b 2 2 0 
b 2 1 a 1 2 0 
b 2 1 a 3 2 0 
b 3 2 a 2 3 + b 1 2 a 21 = 0 
b 2 1 ( a l 3 a 3 2 " a 1 2 a 3 3 } = 0 
b 2 1 ( a 3 1 a 1 2 " a 3 2 a l l } : = 0 
b 3 2 ( a 1 3 a 2 1 " a n a 2 3 ) + b 1 2 
have now s e v e r a l c h o i c e s how 
a 2 1 a 3 3 } = 0 
t i o n s up t o a r b i t r a r y c o n s t a n t s . 
( i ) We can l e t ~ ® f ° r a ^ a n d a H j which r e s u l t s 
i n B = 0 . Th i s i s , of c o u r s e , t r i v i a l . 
( i i ) We s h a l l assume t h a t b 2 1 4 0 ; b 3 2 4 0 ; b 1 2 4 0 . Then i t 
f o l l o w s t h a t ( i n most g e n e r a l c a s e ) 
a 1 2 = 0 
a 3 2 - 0 
b 3 2 a 2 3 = b 1 2 a 2 1 = 0 
b 3 2 ( a 1 3 a 2 1 " a l l a 2 3 } + b 1 2 ( a 2 3 a 3 1 a 2 1 a 3 3 ) = 0 
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From t h e t h i r d e q u a t i o n we g e t 
a21 
b32 - " b 1 2 ^ 
and s u b s t i t u t i n g i n t o t h e f o u r t h e q u a t i o n 
. , 2 a i 3 , a l l a 2 1 a 2 3 i n 
b 1 2 | " a 2 1 7^ + ~ + a 2 3 a 3 1 " a 2 1 a 3 3 ! = 0 
S i n c e we have assumed b ^ 2 0» w e g e t 
a 1 3 2 
— a 2 1 + ( a 3 3 - a 1 ; L ) a 2 1 - a 2 3 a 3 1 = 0 
from which e q u a t i o n we can e x p r e s s t h e e l e m e n t a.^ i n t e rms of 
o t h e r e l e m e n t s of t h e m a t r i x A, i . e . 
2 
all ' a33 - V ( a33 * all> + k a13 a31 
321 " 2 a 1 3 / a 2 3 
S i n c e t h e p a r a m e t e r s a r e t o b e r e a l , we a r e i n t e r e s t e d o n l y i n c a s e s 
w h e r e 
2 
( a 3 3 - a 1 1 ) + 4 a 1 3 a 3 1 >, 0 
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I f we d e n o t e by ( a . ^ ) and (b^_.) t h e e l e m e n t of t h e m a t r i x A 
v i z . m a t r i x B, t h e v a l u e s of which depend on t h e a r b i t r a r y s e l e c t e d 
v a l u e s of o t h e r e l e m e n t s of t h e s e m a t r i c e s , t h e n t h e r e q u i r e d s y s t e m 
s o l u t i o n can b e r e p r e s e n t e d by t h e e q u a t i o n : 
* < t ) = 
* 0 a l l a 1 3 
* 
a 2 1 a 2 2 a 2 3 
a 3 1 0 a 3 3 





u ( t ) 
32 
o r by t h e e q u a t i o n 
a n 0 
* ( t ) = 
a 1 3 
* 
a 2 1 a 2 2 a 2 3 
a 3 1 0 l 33 
x ( t ) + 
'12 
0 
" 2 1 
0 b 
u ( t ) 
32 
o r by any o t h e r s y s t e m which s a t i s f i e s t h e above g i v e n r e l a t i o n s h i p s of 
i t s p a r a m e t e r s . 
For i n s t a n c e , l e t 
b 1 2 = i 
b 2 1 = 3 
b 3 2 = - 1 
a 2 1 = 2 a 1 3 = 5 3 2 2 = 1 
a 3 1 = 3 a 3 3 = _ 1 
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Then 
a 2 3 ~ 2 
a l l = 1 
and we have t h e s y s t e m 
' 1 0 5" "0 1 
x ( t ) = 2 1 2 x ( t ) + 3 0 
_3 0 - 1 _ 0 - 1 _ 
u ( t ) 
i n which u ^ ( t ) does n o t i n t e r a c t w i t h { x ^ , x^} and u ^ ( t ) does n o t 
i n t e r a c t w i t h {x,>} • However, i n t h i s s y s t e m t h e i n p u t s e t { u ^ j U ^ } 
i s n o t s t r o n g l y i n t e r a c t i n g w i t h t h e s t a t e s e t {X^JX^JX ^ } , i . e . , t h e 
s y s t e m i s n o t s t a t e c o n t r o l l a b l e . I f t h i s i s r e q u i r e d , t h e n a d d i t i o n a l 
c o n s t r a i n t s h a v e t o b e imposed on t h e s y s t e m ' s p a r a m e t e r s a s shown be low, 
From Theorem S C ( I I , 6 6 6 6 ) , t h e n e c e s s a r y and s u f f i c i e n t c o n d i t i o n 
f o r a s y s t e m t o b e s t a t e c o n t r o l l a b l e i s t h a t t h e c o m p o s i t e m a t r i x 
Q = [B : A B *. A B] 
be of r a n k 3 . For t h e f i r s t a l t e r n a t i v e s y s t e m s o l u t i o n we h a v e : 
P = 
"0 b 1 2 0 a*x b 1 2 + a 1 3 b 3 2 
b 2 1 0 a 2 2 b 2 1 a 2 1 b 1 2 + a 2 3 b 3 2 
0 b 3 2 0 a 3 1 b 1 2 + a 3 3 b 3 2 
0 
a 2 2 b 2 1 
0 
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( a n + a 1 3 a 3 1 ) b u + < a n a 1 3 + a 1 3 a 3 3 > b 3 2 
( a 2 1 a n + a 2 2 a 2 1 + a 2 3 a 3 1 > b 1 2 + ( a 2 1 a 1 3 + a 2 2 a 2 3 + a 2 3 a 3 3 > b 3 2 
it 2 
( a 3 1 a l l + a 3 3 a 3 1 ^ b 1 2 + ( a 3 1 a 1 3 + a 3 3 * b 3 2 
For P t o b e of r a n k 3 , we can r e q u i r e , f o r i n s t a n c e t h a t 
0 b 1 2 a l l b 1 2 + a 1 3 b 3 2 
b 2 1 0 a 2 1 b 1 2 + * a 2 3 
b 3 2 
0 b 3 2 a 3 1 b 1 2 + a 3 3 b 3 2 
4 o 
which i s e q u i v a l e n t t o t h e r e q u i r e m e n t t h a t 
ii 
b 1 2 ( a 3 1 b 1 2 + a 3 3 b 3 2 } 4 b 3 2 ( a l l b 1 2 + a 1 3 b 3 2 } 
This a s w e l l a s t h e p r e c e d i n g n o n - i n t e r a c t i o n r e q u i r e m e n t s a r e s a t i s ­
f i e d , f o r e x a m p l e , by t h e f o l l o w i n g c h o i c e of p a r a m e t e r s : 
b 1 2 = 1 ; b 2 1 = 3 ; b 3 2 = - 1 
a 2 1 2 a 2 2 = 1 a 1 3 = 5 
a 3 1 = 0 a 3 3 = - 1 
Then a * 3 = 2 
a l l = 4 
and t h e s y s t e m 
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"4 0 5" "0 l " 
x ( t ) = 2 1 2 x ( t ) + 3 0 
_0 0 - 1 _ _0 - 1 _ 
i s n o n - i n t e r a c t i n g i n t h e s e t s {u^} and { x ^ , x ^ } , and {u^} and 
{x^} , b u t s t r o n g l y i n t e r a c t i n g ( i . e . , c o n t r o l l a b l e ) w i t h r e s p e c t t o t h e 
s e t s { u ^ , u 2 } and { x ^ , x 2 , x 2 > . 
Example 3 1 . L e t us assume t h a t we a r e r e q u i r e d t o d e s i g n a s i n ­
g l e i n p u t , t h r e e o u t p u t l i n e a r d y n a m i c a l s y s t e m 
x ( t ) = A x ( t ) + b u ( t ) 
X ( t ) = F x ( t ) + £ u ( t ) 
i n which t h e i n p u t would n o t i n t e r a c t w i t h t h e f i r s t component y-^(t) of 
t h e o u t p u t v e c t o r y_(t) . He re we assume x ( t ) a 3-component v e c t o r , A 
a 3 x 3 m a t r i x , b_ and £ 3-component c o n s t a n t v e c t o r s , and F a 3 x 3 
m a t r i x . Of c o u r s e , we do n o t h a v e t o l i m i t o u r s e l v e s t o 3c ( t ) b e i n g a 
3-component v e c t o r ; o t h e r c h o i c e s a r e p o s s i b l e and t h e y would u s u a l l y 
depend on r e a l l i f e r e q u i r e m e n t s i n t h e s e l e c t i o n of a p r o p e r s t a t e v a r i ­
a b l e . 





The b a s i c i n p u t - s t a t e i n t e r a c t i o n m a t r i x i s i n t h i s c a s e n o t 
u n i q u e and any c h o i c e i s a c c e p t a b l e ( i n a b s e n c e of f u r t h e r d e s i g n s p e c i ­
f i c a t i o n s ) as l ong a s t h e r e q u i r e m e n t 
T = F x T + G o s 
s t a t e d i n Theorem 9 . 1 i s s a t i s f i e d . Hence , we h a v e t o choose t h e i n ­
t e r a c t i o n m a t r i c e s F , G and T such t h a t 
F x T + G = s 
For i n s t a n c e , one of t h e p o s s i b l e c h o i c e s i s 
F = 
0 1 0 
1 1 1 
1 1 1 
The c h o i c e of T g i n d i c a t e s t h a t we r e q u i r e t h a t t h e i n p u t u ( t ) would 
n o t i n t e r a c t w i t h t h e second component x ^ ( t ) of t h e s t a t e v e c t o r x ( t ) . 
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To s a t i s f y t h i s r e q u i r e m e n t , i t i s n e c e s s a r y t h a t 
d e t 
s a u b1 - a 1 3 
- a 2 1 b 2 - a 23 
a 3 1 b 3 8 a 3 3 
= 0 
or 
b 2 S 2 + ( a 2 3 b 3 - a 3 3 b 2 - a n b 2 + a ^ b ^ S + ( a 2 3 - a 2 1 a ^ ) b1 
+ ( a l l a 3 3 " a 1 3 a 3 1 } b 2 + ( a 1 3 a 2 1 " a l l a 2 3 } b 3 = 0 
Hence 
b 2 = 0 
a 2 , b1 + a 2 3 b 3 = 0 
( a 2 3 a 3 1 - a 2 1 a ^ ) b ± + ( a 1 3 -a ± 1 a ^ ) b 3 = 0 
I f we r e q u i r e t h a t b ^ 4 0 and b 3 4 0 , t h e n f o u r of t h e a ' s can b e 
chosen a r b i t r a r y ( w i t h i n c e r t a i n l i m i t s ) . Again l e t a^ d e n o t e t h e 
e l e m e n t s which depend on our c h o i c e of o t h e r a ' s . For e x a m p l e , we m i g h t 
s e l e c t t h e s y s t e m 
£ ( t ) = 
11 a 1 2 a 1 3 V 
a 2 2 a 2 3 x ( t ) + 0 
a 2 2 a 2 3 _ 
u ( t ) 
From F and G, we c a n w r i t e t h e most g e n e r a l o u t p u t e q u a t i o n 
"0 f IO 0 "0 ~ 12 
x(t) - f 2 1 f 2 2 f 2 3 x ( t ) + ^2 
_ f 3 1 f 3 2 f 3 3 _ - 8 3 . 
and t h e s y s t e m t h u s o b t a i n e d s a t i s f i e s t h e n o n - i n t e r a c t i o n r e q u i r e m e n t s 
s p e c i f i e d a t t h e b e g i n n i n g . 
To g i v e a n u m e r i c a l e x a m p l e , l e t us c h o o s e t h e f o l l o w i n g v a l u e s 
f o r t h e " f r e e " p a r a m e t e r s of t h e s t a t e e q u a t i o n 
= 2 
l 31 = 2 
a 1 2 = 2 
a 2 2 = 2 







* ( t ) = 
2 2 2 
•2 2 2 
2 2 2 
x ( t ) + u ( t ) 
We can e a s i l y v e r i f y t h a t , i n d e p e n d e n t of t h e c h o i c e of n o n - z e r o 
e l e m e n t s i n t h e m a t r i c e s F and £ of t h e o u t p u t e q u a t i o n , t h e s y s t e m 
i s y-^( t) o u t p u t i n v a r i a n t . I n f a c t 
H = [ F b I F A b ! F A 2 b ] 
2 f 2 1 + 2 f 2 3 8 f 2 1 + 8 f 2 3 3 2 f 2 1 + 3 2 f 2 3 
2 f 3 1 + 2 f 3 3 8 f 3 1 + 8 f 3 3 3 2 f 3 1 + 3 2 f 3 3 
and by Theorem 0 1 ( 1 , 4444) t h e n e c e s s a r y and s u f f i c i e n t c o n d i t i o n s f o r 
above i n v a r i a n c e a r e s a t i s f i e d . 
Le t us now assume t h a t t h e r e i s a d d i t i o n a l r e q u i r e m e n t t h a t t h e 
s y s t e m b e s t r o n g l y i n t e r a c t i n g w i t h r e s p e c t t o i n p u t u ( t ) and t h e o u t ­
p u t s e t ^y2,^3^ * i . e . , b e c o n t r o l l a b l e i n t h e s u b s p a c e of t h e o u t p u t 
T T s p a c e g e n e r a t e d by [ 0 , y 2 > 0] and [0, 0 , y 3 ] v e c t o r s . By Theorem 
0 C ( I , 5 5 5 5 ) , a d d i t i o n a l r e s t r a i n t s a r e imposed on t h e s y s t e m s p a r a m e t e r s 
by t h e r e q u i r e m e n t t h a t t h e m a t r i x 
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0 0 0 
0 1 0 
0 0 1 
f 2 1 b l + f 2 3 b 3 
f 3 1 b 1 + f 3 3 b 3 
(a 2 1 b± + a 2 3 b 3 ) f 1 2 
( a l l b l + a 1 3 b 3 ) f 2 1 + ( a 2 1 b l + a 2 3 b 3 ) f 2 2 
* it 
( a u b ]_ + a 1 3 b 3 ) f 3 1 + ( a 2 1 b 1 + a 2 3 b 3 ) f 2 2 
+ ( a 3 1 b 1 + a 3 3 b 3 ) f 2 3 
+ ( a 3 1 b 1 + a 3 3b ) f 
( b 1 E a l j a j l + b 3 Z a 1 : j a j 3 ) f 2 1 
( b 1 Z a l j a j l + b 3 Z a 1 ; J a j 3 ) f 3 1 
( b 1 Z a ^ a ^ + b 3 Z a 2 3 a j 3 ) f 1 2 
+ ( b 1 Z a2.a.± + b 3 Z a 2 . a j 3 ) f 2 2 + (b± Z a ^ + b 3 Z a 3 j a j 3 ) f 2 3 § 2 
+ (b., Z a 0 . a . - + b 0 Z a 0 . a . 0 ) f 0 0 + (b_ Z a 0 . a . _ + b 0 Z a 0 . a . 0 ) f * 2 j " j 3 " 3 2 3 j j l l 3 j " j 3 ^ 3 3 
be of r a n k 2 . We can s a t i s f y t h i s r e q u i r e m e n t , f o r i n s t a n c e , by c h o o s i n g 
t h e p a r a m e t e r s so t h a t 
d e t 
f 2 1 b l + f 2 3 b 3 g 2 
f 3 1 b l + f 3 3 b 3 g 3 
4 0 
o r 
(f21bl + f23b3̂  83 * ( f <5i bi + f^ b^ 8 31 1 33 3 ' 6 2 
With t h e p r e v i o u s n u m e r i c a l c h o i c e of e l e m e n t s of t h e m a t r i x B , we 
must h a v e 
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( f 2 1 + f 2 3 ) g 3 4 ( f 3 1 + f 3 3 ) g 2 
v i z . 
^ 3 ^ f 3 1 + f 3 3 
8 2 f 2 1 + f 2 3 
As l o n g a s t h i s i n e q u a l i t y i s s a t i s f i e d , any c h o i c e of g 2 , g 3 , f 3 ^ > 
f 3 3 , ^2\* a n d ^23 w^-^ m e e t the i n t e r a c t i o n r e q u i r e m e n t s . For i n s t a n c e , 
we c o u l d c h o o s e 
f = f = f f = f = f = f = l 
12 r 2 1 r 2 2 r 2 3 31 32 r 3 3 
g 2 = 2 : g 3 = 1 
and t h u s o b t a i n t h e s y s t e m 




x ( t ) + u ( t ) 




x ( t ) + u ( t ) 
which m e e t s a l l t h e s p e c i f i e d i n t e r a c t i o n r e q u i r e m e n t s . 
We s h a l l c o n c l u d e t h i s s e c t i o n w i t h a theorem which can s e r v e a s 
a t o o l f o r e l i m i n a t i n g c e r t a i n u n d e s i r a b l e i n t e r a c t i o n s by a p p r o p r i a t e 
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t r a n s f o r m a t i o n s of s y s t e m ' s v a r i a b l e s . 
Theorem ( 1 0 . 1 ) . C o n s i d e r t h e s y s t e m E q u a t i o n ( 5 . 2 ) w i t h t h e 
s t a t e s p a c e Z and o u t p u t s p a c e . L e t t h e s e t s ^uj_^ a n d ^ x j ^ 
o r {y^} be weak ly i n t e r a c t i n g , and l e t t h e d i m e n s i o n of {x^} b e 
e q u a l t o m [ o r t h a t of { y ^ b e e q u a l t o q ] . M o r e o v e r , l e t Q(u) 
[ P ( u ) ] b e t h e s t a t e [ o u t p u t ] c o n t r o l l a b i l i t y m a t r i x of r a n k i [ r a n k j ] , 
i < m [ j < q ] , c o r r e s p o n d i n g t o {u^.} . I f i £ n - i [q ^ p - j ] , 
•k 
t h e n t h e r e e x i s t s an e q u i v a l e n t s y s t e m S i n which t h e s e t s ^ u ^ ^ a n c * 
{x^.} [ o r {y^}] a r e n o n - i n t e r a c t i n g . 
P r o o f . F i r s t l e t u s c o n s i d e r t h e c a s e of weak i n t e r a c t i o n b e t w e e n 
s e t s { u . } and { x . } , where { x . } i s of d i m e n s i o n m. I f t h e r a n k of 
1 J 3 
t h e c o n t r o l l a b i l i t y m a t r i x Q c o r r e s p o n d i n g to t h e s e t i - s t h e n 
by Theorem 7 . 1 t h e r e e x i s t s an e q u i v a l e n c e t r a n s f o r m a t i o n which t r a n s f o r m s 
* 
t h e s y s t e m w i t h t h e i n p u t s e t i n t o a s y s t e m S which i s i n v a r i ­
a n t i n n - i c o o r d i n a t e s of t h e s t a t e s p a c e Z. Hence , i f t h e r a n k of 
{x_.} i s m £ n - i t h e n by p r o p e r l y c h o o s i n g t h e b a s i s of e q u i v a l e n c e 
t r a n s f o r m a t i o n , we can f i n d a s y s t e m e q u i v a l e n t t o t h e s y s t e m S i n 
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The re a r e c e r t a i n l i m i t a t i o n s w i t h r e g a r d t o t h e c h o i c e of i n t e r ­
a c t i o n s t r u c t u r e s , i . e . , some d e s i g n s p e c i f i c a t i o n s f o r n o n - i n t e r a c t i o n 
m i g h t n o t make s e n s e f o r p h y s i c a l s y s t e m s a t a l l o r t h e y m i g h t n o t b e 
r e a l i z a b l e from t h e v i e w p o i n t of h a r d w a r e r e q u i r e m e n t s . Some of t h e mos t 
i m p o r t a n t l i m i t a t i o n s a r e b r i e f l y d i s c u s s e d i n t h i s s e c t i o n . A l l t h e 
s t a t e m e n t s be low r e f e r t o t h e s y s t e m E q u a t i o n ( 5 . 2 ) . 
(1) I t i s i m p o s s i b l e t o c o n s t r u c t a s t a t e ( o r o u t p u t ) i n v a r i a n t 
s y s t e m i n which d i s t u r b a n c e i n p u t would b e a p p l i e d d i r e c t l y t o t h e s t a t e 
( o r o u t p u t ) component which i s t o r e m a i n i n v a r i a n t unde r t h a t d i s t u r ­
b a n c e . 
I n o t h e r w o r d s , we a r e s a y i n g t h a t i t i s i m p o s s i b l e t o c o n s t r u c t 
a s y s t e m i n w h i c h , s a y , t h e s t a t e component x ^ ( t ) , i = 1 , 2 , n [o r 
o u t p u t component y ^ ^ ) * K = 1 » 2 , . . . » p] would b e i n v a r i a n t w i t h r e s p e c t 
t o t h e i n p u t component u _ . ( t ) , j = 1 ,2 , r w i t h b 4 0 , [o r g ^ 4 
0 ] . Hence t h e n e c e s s a r y , b u t n o t s u f f i c i e n t , c o n d i t i o n t h a t t h e s t a t e 
component x . ( t ) [o r o u t p u t component y, ( t ) ] be i n v a r i a n t w i t h r e s p e c t 
t o t h e i n p u t ( d i s t u r b a n c e ) component " j ^ ^ ^ s t n a t t h e b ^ - t h e l e m e n t 
of t h e m a t r i x B [o r t h e g ^ - t h e l e m e n t of t h e m a t r i x G] b e e q u a l t o 
z e r o . 
We s h a l l p r o v e t h i s s t a t e m e n t f i r s t f o r t h e c a s e of s t a t e i n v a r i ­
a n c e , t h e n f o r t h e c a s e of o u t p u t i n v a r i a n c e . 
By Theorem S I ( I , 4 4 4 4 ) , t h e n e c e s s a r y and s u f f i c i e n t c o n d i t i o n f o r 
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t h e s y s t e m ( 5 . 2 ) t o be s e l e c t i v e l y u n i f o r m l y i - t h s t a t e i n v a r i a n t w i t h 
r e s p e c t t o t h e j - t h component u ^ ( t ) , j = 1 , 2 , r of t h e i n p u t ( d i s ­
t u r b a n c e ) v e c t o r u . ( t ) , i s t h a t 
d e t 1 r : J ( s ) = 0 
We r e c a l l t h a t ( a s suming z e r o i n i t i a l c o n d i t i o n s ) 
d e t ^ ( s ) = 
s a n a 1 2 . . . b ^ . . . a l n 
" a 2 1 S " a 2 2 , , , b 2 j * ' * " a 2 n 
- a , - a n . . . b . . . s - a 
n l n2 n j nn 
= 0 
The above d e t e r m i n a n t can be w r i t t e n i n t h e p o l y n o m i a l form 
j _ i „ j / \ , n - l n - 2 d e t r J ( s ) = b . . s + c 0 s 13 n - 2 
+ c 0 s n " * + . . . + c s + c = 0 n - 3 o 
where t h e c o e f f i c i e n t s c 0 , c 0 c a r e c e r t a i n p r o d u c t s of t h e 
n - 2 n - 3 o r 
e l e m e n t s a ' s and b ' s c o n t a i n e d i n t h e above d e t e r m i n a n t , and b . . i s t h e 
c o e f f i c i e n t of t h e l e a d i n g t e r m . I t i s c l e a r now t h a t f o r t h e 
d e t "*T^(s) t o be i d e n t i c a l l y z e r o , i t i s n e c e s s a r y t h a t b ^ = 0 . Of 
161 
c o u r s e , t h e c o e f f i c i e n t s c „ , c have t o be z e r o e s a s w e l l . ' n - 2 o 
The p r o o f f o r t h e c a s e of o u t p u t i n v a r i a n c e f o l l o w s i m m e d i a t e l y 
from Theorem 0 1 ( 1 , 4 4 4 4 ) . 
(2) I t i s i m p o s s i b l e t o c o n s t r u c t a s y s t e m ( e x c e p t i n t h e t r i v i a l 
c a s e of z e r o i n p u t ) i n which a l l t h e components of t h e s t a t e v e c t o r ( o r 
o u t p u t v e c t o r ) w e r e s i m u l t a n e o u s l y i n v a r i a n t w i t h r e s p e c t t o some i n p u t 
component u ^ ( t ) . 
The p r o o f f o l l o w s i m m e d i a t e l y from t h e p r o o f i n t h e p r e c e d i n g 
p a r a g r a p h ( 1 ) . Namely, from t h e r e q u i r e m e n t t h a t a l l x ^ ( t ) , i = 1 , 2 , 
n be i n v a r i a n t w i t h r e s p e c t t o some i n p u t ( d i s t u r b a n c e ) component 
u . ( t ) , j = 1 ,2 , . . . , r , i t f o l l o w s t h a t b = 0 f o r a l l i = 1 , 2 , 
n . But t h i s i s t h e t r i v i a l c a s e of z e r o i n p u t a l o n g t h e j - t h i n p u t com­
p o n e n t . 
For t h e o u t p u t - i n v a r i a n c e , t h e above r e q u i r e m e n t l e a d s t o t h e 
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INTERACTION IN TIME-VARYING SYSTEMS 
The p r o c e d u r e of a n a l y s i s and s y n t h e s i s of i n t e r a c t i o n s which h a s 
been d e v e l o p e d f o r l i n e a r t i m e - i n v a r y i n g s y s t e m s , can b e e x t e n d e d t o 
t i m e - v a r y i n g s y s t e m s as w e l l . The b a s i c d e f i n i t i o n s and c r i t e r i a of i n ­
t e r a c t i o n and n o n - i n t e r a c t i o n r ema in t h e same , b u t t h e n e c e s s a r y c o n d i ­
t i o n s (and s u f f i c i e n c y c o n d i t i o n s i f t h e y a r e known) a r e , of c o u r s e , d i f ­
f e r e n t . F u r t h e r m o r e , s i n c e t h e r e a r e many more d i f f e r e n t t y p e s of c o n ­
t r o l l a b i l i t y , o b s e r v a b i l i t y , and i n v a r i a n c e f o r t i m e - v a r y i n g s y s t e m s t h a n 
f o r l i n e a r t i m e - i n v a r y i n g s y s t e m s f o r which many of t h e s u b t l e d i f f e r e n c e s 
d i s a p p e a r , t h e t y p e s of i n t e r a c t i o n s which can be i d e n t i f i e d and d e f i n e d 
u s i n g t h e p r o p o s e d me thodo logy a r e a l s o n u m e r o u s . 
I t would go beyond t h e s c o p e of t h i s work t o i n v e s t i g a t e i n d e ­
t a i l a l l t h e p o s s i b l e i n t e r a c t i o n s i t u a t i o n s i n l i n e a r t i m e - v a r y i n g 
s y s t e m s . At t h e same t i m e i t i s n o t l i k e l y t h a t such an i n v e s t i g a t i o n 
would l e a d t o any f u n d a m e n t a l l y new i s s u e s . T h e r e f o r e we s h a l l b r i e f l y 
d i s c u s s o n l y few c h a r a c t e r i s t i c a s p e c t s of t h e e x t e n s i o n of t h e p r o p o s e d 
me thodo logy t o t h e s e more complex s y s t e m s . 
Le t us f i r s t c o n s i d e r l i n e a r t i m e - v a r y i n g s y s t e m 
x ( t ) = A ( t ) x ( t ) + B ( t ) u ( t ) 
( 1 2 . 1 4 ) 
y_(t) = F ( t ) x ( t ) + G ( t ) u ( t ) 
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The e s s e n t i a l t heo rem f o r t h e i n t e r a c t i o n a n a l y s i s and s y n t h e s i s i s 
Theorem SI ( I , 111) . The i - t h s t a t e component x ^ t ) , i = 1 , 2 , 
n of t h e s y s t e m ( 1 2 . 1 4 ) i s s e l e c t i v e l y i n v a r i a n t w i t h r e s p e c t t o t h e i n ­
p u t component u ^ ( t ) , j = 1 , 2 , r f o r a l l [ t Q , t ^ ] c T i f and o n l y 
i f t h e i - t h row of t h e m a t r i x 
v.(t) = [b.(t> : Qb. (t) : qV.O:)1 .. : q1"1 b rt)] 
h a s o n l y z e r o e l e m e n t s f o r a l l t e [ t Q , t ^ ] . I n t h e above m a t r i x Q de­
n o t e s t h e o p e r a t o r 
Q = 1 dt "A(t> 
and b . . . . ( t ) i s t h e j - t h column v e c t o r of t h e m a t r i x B ( t ) . For example 
Q _ L . j ( t ) = b . j ( t ) - A ( t ) b ( t ) . 
S i m i l a r l y , f o r t h e o u t p u t - i n v a r i a n c e we have 
Theorem 0 1 ( 1 , 1 1 1 ) . The i - t h o u t p u t component y ^ ( t ) , k = 1 , 2 , 
p of t h e s y s t e m ( 1 2 . 1 4 ) i s s e l e c t i v e l y i n v a r i a n t w i t h r e s p e c t t o 
t h e i n p u t component u ^ ( t ) , j = 1 , 2 , r , f o r a l l [ t Q , t ^ ] c T i f 
and o n l y i f t h e i - t h row of t h e m a t r i x 
W j ( t ) = [F(t)b.j(t) I F(t) Qb.jCt) 1 .. I F(t) Q*'1 b ( t ) - i l . j C t ) ] 
h a s o n l y z e r o e l e m e n t s f o r a l l t e [ t Q , t ^ ] . I n t h e above m a t r i x Q i s 
t h e o p e r a t o r d e f i n e d i n t h e p r e c e d i n g Theorem SI ( I , 1 1 1 ) , jb..(t) i s 
t h e j - t h column of t h e m a t r i x B ( t ) , and ^ . . . ( t ) i s t h e j - t h column of 
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t h e m a t r i x G ( t ) . 
The p r o o f s of t h e e s s e n t i a l p a r t s of t h e above t h e o r e m can b e 
found i n R o z o n o e r ' s p a p e r s on i n v a r i a n c e t h e o r y [ 2 3 3 , 234] a n d , even 
though t h e r e s u l t s h a v e n o t b e e n p r e s e n t e d i n t h i s fo rm, t h e m o d i f i c a ­
t i o n s which a r e n e c e s s a r y t o o b t a i n them a r e s i m p l e enough so t h a t i t i s 
n o t deemed n e c e s s a r y t o r e p e a t t h e s e p r o o f s h e r e . 
The above t heo rems of i n v a r i a n c e can b e e x t e n d e d i n t h e manner 
i d e n t i c a l t o t h a t fo r l i n e a r t i m e - i n v a r i a n t s y s t e m s f o r t h e v a r i o u s t y p e s 
of s e l e c t i v e , c o m p l e t e , s t r o n g , o r t o t a l i n v a r i a n c e c o n d i t i o n s , o r i n ­
v a r i a n c e i n some s u b s p a c e of t h e s t a t e o r o u t p u t s p a c e . 
S i n c e Theorem 7 . 1 h o l d s f o r t i m e - v a r y i n g c a s e as w e l l , t h e r e l a ­
t i o n b e t w e e n i n v a r i a n c e and c o n t r o l l a b i l i t y i s i m m e d i a t e l y e s t a b l i s h e d . 
For i n s t a n c e , t h e c o n d i t i o n s f o r c o m p l e t e s t a t e c o n t r o l l a b i l i t y a r e g i v e n 
by t h e 
Theorem S C ( I I , 6 6 ) . C o n s i d e r t h e s y s t e m E q u a t i o n ( 1 2 . 1 4 ) . The 
s y s t e m i s c o m p l e t e l y s t a t e c o n t r o l l a b l e i f and o n l y i f t h e m a t r i x 
V ( t ) = [ B ( t ) I Q B(t) I Q 2 B ( t ) I . . . I Q 1 1 " 1 B ( t ) ] 
i s of r a n k n f o r a l l t £ T 
Example 3 2 . C o n s i d e r t h e s y s t e m w i t h t i m e - v a r y i n g c o - e f f i c i e n t s 
g i v e n by t h e s t a t e e q u a t i o n 
x ( t ) = 
-t> 
( 1 + 3 e _ t ) 
- 3e - t 
1 0" " 0 
0 - 1 x ( t ) + - 1 
0 0 - t e 
u ( t ) 
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S i n c e 
and 
Q b ( t ) = 
0 
0 
- e - t 
- t - ( 1 + e ) - 1 0 
- t ( 1 + 3e ) 0 - 1 












( 1 + e - t ) 
3e - t 
1 0 
(1 + 3e t ) 0 1 
0 0 
- 1 
1 + e 
- 2 
- t 
we g e t 






- t - t e - e 
1 + e 
- 2 e - f c 
- t 
S i n c e d e t V ( t ) = 0 f o r a l l t e [ 0 , °°] , by Theorem S C ( I I , 66) t h e 
sys t em i s n o t c o m p l e t e l y c o n t r o l l a b l e . 
As i t h a s been m e n t i o n e d , t h e i n t e r a c t i o n a n a l y s i s and s y n t h e s i s 
can b e h a n d l e d i d e n t i c a l l y a s i n t h e c a s e of l i n e a r t i m e - i n v a r i a n t s y s ­
t e m s . T h i s i s i l l u s t r a t e d by t h e f o l l o w i n g e x a m p l e s . 
Example 3 3 . I t i s r e q u i r e d t o d e s i g n a l i n e a r t i m e - v a r i a n t d y ­
n a m i c a l s y s t e m w i t h two i n p u t s , two-component s t a t e v e c t o r x_(t) , and 
two o u t p u t s 
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x ( t ) = A ( t ) x ( t ) + B ( t ) u ( t ) 
y ( t ) = F ( t ) x ( t ) 
i n which t h e f i r s t i n p u t component would n o t i n t e r a c t w i t h t h e s econd 
s t a t e component , and t h e s econd i n p u t would n o t i n t e r a c t w i t h t h e f i r s t 
s t a t e component . Hence , t h e b a s i c i n p u t s t a t e i n t e r a c t i o n m a t r i x i s 
By Theorem S I ( I , 1 1 1 1 ) , t h e f i r s t c o n d i t i o n i s s a t i s f i e d when t h e 
second row of t h e m a t r i x 
v x ( t ) = 
b u ( t ) b i ; L ( t ) - a n ( t ) h l ; L ( t ) - a 1 2 ( t ) b 2 1 ( t ) 
h 2 1 ( t ) b 2 1 ( t ) - a 2 1 ( t ) b 1 ; L ( t ) - a 2 2 ( t ) b 2 1 ( t ) 
c o n s i s t s of z e r o e l e m e n t s , and when t h e same i s t r u e f o r t h e f i r s t row 
of t h e m a t r i x 
v 2 ( t ) = 
b 1 2 ( t ) b 1 2 ( t ) ~ a H ( t ) b 1 2 ( t ) " a i 2 ( t > b 2 2 ( t ) 
b 2 2 ( t ) b 2 2 ( t > - a 2 1 ( t ) b 1 2 ( t ) " a 2 2 ( t ) b 2 2 ( t ) 
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Hence we h a v e t h e r e q u i r e m e n t s 
b 2 1 ( t ) = 0 
b 2 1 ( t ) - a 2 1 ( t ) b 1 ; L ( t ) - a 2 2 ( t ) b 2 1 < t ) = 0 
b 1 2 ( t ) = 0 
b 1 2 ( t ) - a n ( t ) b 1 2 ( t ) - a 1 2 ( t ) b 2 2 ( t ) = 0 
These c o n d i t i o n s a r e s a t i s f i e d when 
b 1 2 ( t ) = 0 , b 2 1 ( t ) = 0 
a 1 2 ( t ) = 0 , a 2 1 ( t ) = 0 
w i t h t h e r e m a i n i n g e l e m e n t s of t h e m a t r i c e s A ( t ) and B ( t ) b e i n g a r ­
b i t r a r y f u n c t i o n s ( a r b i t r a r y w i t h r e s p e c t t o t h e p rob l em on h a n d , b u t n o t 
a r b i t r a r y w i t h r e s p e c t t o o t h e r s y s t e m s p e c i f i c a t i o n s , l i k e s t a b i l i t y , 
s e n s i t i v i t y , e t c . ) The s y s t e m i s t h e n of t h e form 
i ( t ) = 
a u ( t ) 0 
0 a 2 2 ( t ) 
x ( t ) + 
b u ( t ) 0 
o b22(t) 
u ( t ) 
y_(t) = F ( t ) x ( t ) 
As one c o u l d h a v e e x p e c t e d , t h e m a t r i c e s A ( t ) and B ( t ) of t h e s y s t e m 
e q u a t i o n s a r e d i a g o n a l m a t r i c e s . 
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CHAPTER X I I I 
CONCLUSIONS AND RECOMMENDATIONS FOR FURTHER RESEARCH 
The o b j e c t i v e of t h e r e s e a r c h d e s c r i b e d i n t h i s d i s s e r t a t i o n was 
t o i n v e s t i g a t e t h e r e l a t i o n be tween c o n t r o l l a b i l i t y and i n v a r i a n c e of 
s t a t e s and o u t p u t s of a s y s t e m and t o a p p l y t h e c r i t e r i a of c o n t r o l l a ­
b i l i t y and i n v a r i a n c e t o t h e d e s i g n of s y s t e m s of g i v e n i n t e r a c t i o n 
s p e c i f i c a t i o n s . I n o r d e r n o t t o o b s c u r e t h e main c o u r s e of t h i s p r e ­
s e n t a t i o n by e x c e s s i v e d e t a i l , t h e i n v e s t i g a t i o n was e s s e n t i a l l y l i m i t e d 
t o l i n e a r t i m e - i n v a r i a n t d y n a m i c a l s y s t e m s , b u t t h e e x t e n s i o n t o t i m e 
v a r i a n t s y s t e m s i s , a t l e a s t c o n c e p t u a l l y , a s t r a i g h t f o r w a r d p r o c e d u r e . 
The f e a s i b i l i t y of such an e x t e n s i o n i s i l l u s t r a t e d by an e x a m p l e . 
F u r t h e r m o r e , on ly c o n t i n u o u s t i m e s y s t e m s were c o n s i d e r e d , b u t t h e 
t r a n s i t i o n t o d i s c r e t e t i m e s y s t e m s i s even l e s s c o m p l i c a t e d . 
The r e l a t i o n be tween s t a t e c o n t r o l l a b i l i t y and o b s e r v a b i l i t y h a s 
b e e n e s t a b l i s h e d by Kalman i n h i s w e l l known d u a l i t y t h e o r e m , b u t l i t t l e 
was done t o c l a r i f y t h e r e l a t i o n be tween c o n t r o l l a b i l i t y and i n v a r i a n c e 
a s w e l l a s be tween o b s e r v a b i l i t y and i n v a r i a n c e . I t i s shown i n t h i s 
work t h a t s u c h r e l a t i o n s h i p s e x i s t , and t h e d e r i v a t i o n of t h e s e r e l a ­
t i o n s h i p s i s p r e s e n t e d as p a r t of t h e o v e r a l l r e s e a r c h r e s u l t s . 
The p roposed a p p r o a c h of a n a l y s i s and s y n t h e s i s of i n t e r a c t i n g 
s y s t e m s was b a s e d on t h e c o n c e p t s of s e l e c t i v e c o n t r o l l a b i l i t y , s e l e c ­
t i v e o b s e r v a b i l i t y , and s e l e c t i v e i n v a r i a n c e . These c o n c e p t s were d e ­
f i n e d w i t h i n t h e framework of more g e n e r a l t y p e s of c o n t r o l l a b i l i t y , o b ­
s e r v a b i l i t y , and i n v a r i a n c e . S i n c e c e r t a i n t y p e s of c o n t r o l l a b i l i t y , 
o b s e r v a b i l i t y , and i n v a r i a n c e imply a n d / o r a r e i m p l i e d by t h e o t h e r , 
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s t r u c t u r e s of t h e s e i m p l i c a t i o n a l r e l a t i o n s h i p s we re d e v e l o p e d and d e ­
s c r i b e d . N e c e s s a r y and s u f f i c i e n t c r i t e r i a f o r e l e c t i v e c o n t r o l l a b i l ­
i t y , o b s e r v a b i l i t y , and i n v a r i a n c e were d e r i v e d . For t h e r e s t , such 
c r i t e r i a were d e r i v e d o n l y i f t h e y were n o t r e a d i l y a v a i l a b l e i n s u b ­
j e c t l i t e r a t u r e . 
The major r e s u l t of t h e i n v e s t i g a t i o n was t h e deve lopmen t of a 
me thodo logy f o r (1) a n a l y s i s of i n t e r a c t i n g d y n a m i c a l s y s t e m s and (2) d e ­
s i g n of d y n a m i c a l s y s t e m s w i t h s p e c i f i e d i n t e r a c t i o n o r n o n - i n t e r a c t i o n 
c h a r a c t e r i s t i c s . The a n a l y s i s and d e s i g n method which h a s b e e n d e v e l o p e d 
i s b a s e d on t h e s y s t e m a t i c a p p l i c a t i o n of t h e c r i t e r i a of c o n t r o l l a b i l i t y 
and i n v a r i a n c e t o s u b s e t s of i n p u t , s t a t e , o r o u t p u t v a r i a b l e s , and t h e 
f l e x i b i l i t y and power of t h e p r o p o s e d a p p r o a c h i s d e m o n s t r a t e d by a 
number of e x a m p l e s . 
N a t u r a l e x t e n s i o n of t h i s r e s e a r c h would b e t h e i n v e s t i g a t i o n of 
t h e t y p e s of i n t e r a c t i o n s , such a s o u t p u t - o u t p u t i n t e r a c t i o n s , which 
h a v e n o t b e e n c o n s i d e r e d h e r e . F u r t h e r a r e a s of i n t e r e s t a r e i n t e r a c t i o n s 
i n n o n - l i n e a r s y s t e m s and i n t e r a c t i o n s i n s t o c h a s t i c s y s t e m s , of which 
p r a c t i c a l l y n o t h i n g i s known. 
Comple te n o n - i n t e r a c t i o n of c e r t a i n v a r i a b l e s of a s y s t e m i s , i n 
t h e mos t i n s t a n c e s of p r a c t i c a l i n t e r e s t , a t h e o r e t i c a l a b s t r a c t i o n . 
Normal ly t h e b e s t t h a t one can hope t o a c c o m p l i s h i s t o r e d u c e t h e 
i n t e r a c t i o n s t o such a d e g r e e t h a t t h e y c o u l d be c o n s i d e r e d n e g l i g i b l e 
w i t h r e s p e c t t o t h e d e s i g n o b j e c t i v e s . P rob lems r e l a t e d t o such i n t e r ­
a c t i o n s , which may be r e f e r r e d t o a s e - i n t e r a c t i o n s , c o u l d b e s t u d i e d 
by e x t e n d i n g t h e p r o p o s e d me thodo logy t o i n c l u d e c r i t e r i a of e-
c o n t r o l l a b i l i t y and e - i n v a r i a n c e . For c e r t a i n t y p e s of p r o b l e m s , such 
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c r i t e r i a a r e a l r e a d y known. 
F i n a l l y , i t s h o u l d be n o t e d tha t : i n t h e r e p o r t e d r e s e a r c h t h e em­
p h a s i s was on s t r u c t u r a l a s p e c t s of t h e i n t e r a c t i o n p rob l em i n s y s t e m s . 
B e s i d e s t h e s e t h e r e a r e c e r t a i n o t h e r a s p e c t s , such a s i n t e n s i t y of 
i n t e r a c t i o n , which would b e d e s i r a b l e t o c o n s i d e r i n t h e e x t e n s i o n of 
t h i s work . 
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APPENDIX 2 
( C o n t i n u e d ) 
I n p u t 
^ o - h i 
^ ^ ^ ^ Time 
Con-
t r o l l e d ^ " v . 
V a r i a b l e 
a t o , V T V t Q e T , a t j c T V t o , t l E T V ( t ,T ) e T x T 
V y . e R J 1 0 
i = 1 , 2 , . . . , p 
O C ( I I , 4 ) 
i - t h o u t p u t 
c o n t r o l l a b l e 
s y s t e m a t t J o 
O C ( I I , 4 4 ) 
C o m p l e t e l y i - t h 
o u t p u t c o n t r o l ­
l a b l e s y s t e m 
O C ( I I , 4 4 4 ) 
T o t a l l y i - t h 
o u t p u t c o n ­
t r o l l a b l e 
sy s t em 
O C ( I I , 4 4 4 4 ) 
i - t h o u t p u t -
p r o p e r s y s t e m 
e R q 
R q c R P 
O C ( I I , 5 ) 
O u t p u t c o n ­
t r o l l a b l e 
s y s t e m i n 
R<1 a t t , o q < p 
O C ( I I , 55 ) 
C o m p l e t e l y o u t ­
p u t c o n t r o l ­
l a b l e s y s t e m 
i n Rq, q < p 
O C ( I I , 5 5 5 ) 
T o t a l l y o u t ­
p u t c o n t r o l ­
l a b l e s y s t e m 
i n R q , q < p 
O C ( I I , 5 5 5 5 ) 
Outpu t p r o p e r 
s y s t e m i n R^, 
q < p 
e r P O C ( I I , 6 ) 
Outpu t 
c o n t r o l l a b l e 
s y s t e m a t t J o 
O C ( I I , 6 6 ) 
Comple t e ly o u t ­
p u t c o n t r o l ­
l a b l e s y s t e m 
O C ( I I , 6 6 6 ) 
T o t a l l y o u t p u t 
c o n t r o l l a b l e 
s y s t e m 
O C ( I I , 6 6 6 6 ) 
Outpu t p r o p e r 
s y s t e m 
APPENDIX 2 
(Continued) 
Input u j [ t 0 , t l r ^ = 1,2, ...,r 
Time 
Con- ^ ^ ^ ^ 
trolled 
Variable 
at , t l £T 
o 1 
V tQ£T, a t,ET V t , t l £T o 1 V (t,x)£TxT 
ay. e R 





















3 ^ e R q 




output in R*! 




output in Rq, 




output in R1! 
for all [t , t..] 
m o' 1 c T, q < p 
OC(III, 2222) 
Normal output 
in Rq, 1 < q < p 
ay^ £ R p OC(III, 3) 
Strongly 
controllable 








output for all 





Input ~ 1 ^2^ • • • ^ IT 
Time 
Con-
trolled ^ ^ ^ ^ 
Variable 
at , t N ET o 1 V t eT, a t,eT o Vt , t..E:T o 1 V(t,x)ETXT 
Vy. e R 
i = 1 , 2 , ...,p 




system at t J o 











OC(III, 4 4 4 4 ) 
i-th output 
normal system 
V ^ e R q 





system in R q 
at t Q, q < p 




system in RQ, 
q < p 





in Rq, q < p 
OC(III, 5 5 5 5 ) 
Selectively 
output normal 
system in R*l, 
1 < q < p 




system at t J o 














Observed V a r i a b l e yj[t0, tl]> aj, j = 1,2, 
Time 
I d e n t i ­
f i e d V a r i a b l e 
at, t - e T 
o 1 V t eT, at.eT 
O ' 1 
V t o , t l e T V ( t ^ ,T ) e T x T 
OB(I , 1) OB(I , 11) OB(I , 111) OB(I , 1111) 
S e l e c t i v e l y S e l e c t i v e l y S e l e c t i v e l y S e l e c t i v e l y 
o b s e r v a b l e i - t h o b s e r v a b l e i - t h o b s e r v a b l e i - t h u n i f o r m l y o b ­
s t a t e component s t a t e component s t a t e component s e r v a b l e i - t h 
a t t 
o 
f o r a l l [ t , t 1 ] 
c T ° 1 
s t a t e component 
O B ( I , 2) OB(I , 22) O B ( I , 222) OB(I , 2222) 
S e l e c t i v e l y S e l e c t i v e l y S e l e c t i v e l y S e l e c t i v e l y 
o b s e r v a b l e o b s e r v a b l e o b s e r v a b l e ^ u n i f o r m l y 
s t a t e i n Z a t t s t a t e i n Z s y s t e m i n Z o b s e r v a b l e ^ 
o f o r a l l [ t , t j 
c T ° 1 
s t a t e i n Z 
OB(I , 3) OB( I , 33) OB( I , 333) OB(I , 3333) 
S e l e c t i v e l y S e l e c t i v e l y S e l e c t i v e l y S e l e c t i v e l y 
o b s e r v a b l e o b s e r v a b l e o b s e r v a b l e u n i f o r m l y 
s t a t e a t t s t a t e s t a t e f o r a l l o b s e r v a b l e 
0 [ t Q , t x ] c T s t a t e 
i o I 
i = 1,2, . . . , n 
3 2 ^ e Z 
Z c Z 
3 x e Z 
STRUCTURAL LISTING OF OBSERVABILITY CONCEPTS 
APPENDIX 3 
( C o n t i n u e d ) 
Observed V a r i a b l e y j [ t 0 , t l i ; > a J > 
j = l , 2 , . . . , p 
Time 
I d e n t i - ^ v * s ^ > ^ 
f i e d V a r i a b l e 
V t Q £ T , a t l £ T V t o , V T V ( t 1 , T ) £ T x T 
V x . E E. 
IO 1 
i «• 1 ,2 , . . . , n 
OB(I , 4) 
S e l e c t i v e l y i - t h 
s t a t e o b s e r v a b l e 
s y s t e m a t t 
o 
OB(I , 44) 
S e l e c t i v e l y 
c o m p l e t e l y i - t h 
s y s t e m 
OB(I , 444) 
S e l e c t i v e l y 
t o t a l l y i - t h 
s t a t e o b s e r v a ­
b l e s y s t e m 
0 B ( I , 4444) 
S e l e c t i v e l y u n i ­
fo rmly i - t h 
s t a t e o b s e r v a b l e 
s y s t e m 
v x e E 
V —O 
E c E 
OB(I , 5) 
S e l e c t i v e l y 
o b s e r v a b l e 
s y s t e m i n E 
a t t 
o 
0 B ( I , 55) 
S e l e c t i v e l y 
c o m p l e t e l y 
o b s e r v a b l e 
s y s t e m i n E 
0 B ( I , 555) 
S e l e c t i v e l y 
t o t a l l y o b s e r ­
v a b l e s y s t e m 
i n E 
0 B ( I , 5555) 
S e l e c t i v e l y u n i ­
fo rmly o b s e r v a ­
b l e s y s t e m i n E 
v x £ E —o OB( I , 6) S e l e c t i v e l y 
o b s e r v a b l e 
s y s t e m a t t J o 
0 B ( I , 6 6 ) 
S e l e c t i v e l y 
c o m p l e t e l y 
o b s e r v a b l e 
s y s t e m 
OB(I , 6 6 6 ) 
S e l e c t i v e l y 
t o t a l l y o b s e r ­
v a b l e s y s t e m 
0 B ( I , 6 6 6 6 ) 
S e l e c t i v e l y 
u n i f o r m l y o b ­
s e r v a b l e s y s t e m 
APPENDIX 3 
( C o n t i n u e d ) 
Observed V a r i a b l e 
^ " ^ ^ s ^ Time 
I d e n t i - >*>,«*^^ 
f i e d V a r i a b l e ^*"* s ^ 
3 t , t , e T o ' 1 V t eT, 3 t , e T o ' 1 V t Q , t l £ T V ( t , x ) TxT 
3 x . e Z. 
IO 1 
i = 1 , 2 , . . . , n 
OB ( I I , 1) 
O b s e r v a b l e i - t h 
s t a t e component 
a t t 
o 
O B ( I I , 11) 
O b s e r v a b l e i - t h 
s t a t e component 
O B ( I I , 111) 
O b s e r v a b l e i - t h 
s t a t e component 
f o r a l l 
[ t o > C T 
OB ( I I , 1111) 
O b s e r v a b l e i - t h 
p r o p e r s t a t e 
3 x e Z 
—o 
Z c Z 
O B ( I I , 2) 
O b s e r v a b l e s t a t e 
i n Z a t t 
o 
O B ( I I , 22) 
O b s e r v a b l e s t a t e 
i n Z 
OB ( I I , 222) 
O b s e r v a b l e s t a t e 
i n Z f o r a l l 
[ t Q , t j c T 
O B ( I I , 2222) 
O b s e r v a b l e 
p r o p e r s t a t e 
i n Z 
3 x e Z —o O B ( I I , 3) O b s e r v a b l e s t a t e 
a t t 
o 
O B ( I I , 33) 
O b s e r v a b l e s t a t e 
O B ( I I , 333) 
O b s e r v a b l e s t a t e 
f o r a l l 
[ t Q , t x ] c T 
O B ( I I , 3333) 
O b s e r v a b l e 
p r o p e r s t a t e 
APPENDIX 3 
( C o n t i n u e d ) 
Observed V a r i a b l e X 
Time 
I d e n t i -
f i e d V a r i a b l e — ^ 
a t , t ^ T o 1 V t e T , a t . e T o 1 V t o , V T V ( t , x ) TxT 
V x . e E . 
IO 1 
i = 1 , 2 , . . , , n 
O B ( I I , 4 ) 
i - t h s t a t e 
component 
o b s e r v a b l e 
s y s t e m a t t J o 
O B ( I I , 4 4 ) 
C o m p l e t e l y i - t h 
s t a t e o b s e r v a ­
b l e s y s t e m 
O B ( I I , 4 4 4 ) 
T o t a l l y i - t h 
s t a t e o b s e r ­
v a b l e s y s t e m 
O B ( I I , 4 4 4 4 ) 
i - t h s t a t e o b ­
s e r v a b l e p r o p e r 
s y s t e m 
V x e E — O 
E c E 
O B ( I I , 5 ) 
O b s e r v a b l e 
s y s t e m i n E 
a t t 
o 
O B ( I I , 5 5 ) 
C o m p l e t e l y o b ­
s e r v a b l e s y s t e m 
i n E 
O B ( I I , 5 5 5 ) 
T o t a l l y o b ­
s e r v a b l e s y s t e m 
i n E 
O B ( I I , 5 5 5 5 ) 
O b s e r v a b l e 
p r o p e r s y s t e m 
i n E 
V x e E v —o O B ( I I , 6 ) O b s e r v a b l e 
s y s t e m a t t J o 
O B ( I I , 6 6 ) 
O b s e r v a b l e 
s y s t e m 
O B ( I I , 6 6 6 ) 
T o t a l l y o b ­
s e r v a b l e s y s t e m 
O B ( I I , 6 6 6 6 ) 
O b s e r v a b l e 
p r o p e r s y s t e m 
APPENDIX 3 
( C o n t i n u e d ) 
Observed V a r i a b l e y j [ t 0 > h ] i 
j = 1 , 2 , . . . , p 
• " - ^ ^ ^ Time 
I d e n t i - " ^ ^ ^ 
f i e d V a r i a b l e 
3 t , t n e T o* 1 V t e T , 3 t , eT o ' 1 V t , t n e T o* 1 V ( t , x ) e T x T 
3 x . e E. 
IO 1 
1 = 1 , 2 , . . . , n 
O B ( I I I , 1) 
S t r o n g l y o b s e r ­
v a b l e i - t h 
s t a t e component 
at t 
o 
O B ( I I I , 1 1 ) 
S t r o n g l y o b s e r ­
v a b l e i - t h 
s t a t e component 
O B ( I I I , 1 1 1 ) 
S t r o n g l y o b s e r ­
v a b l e i - t h 
s t a t e component 
f o r a l l 
[ t Q,T,] c T 
O B ( I I I , 1 1 1 1 ) 
O b s e r v a b l e i - t h 
n o r m a l s t a t e 
a x e E —o 
E c E 
O B ( I I I , 2) 
S t r o n g l y o b s e r ­
v a b l e s t a t e 
i n E a t t 
o 
O B ( I I I , 2 2 ) 
S t r o n g l y o b s e r ­
v a b l e s t a t e i n E 
O B ( I I I , 2 2 2 ) 
S t r o n g l y o b s e r ­
v a b l e s t a t e i n 
E f o r a l l 
[ t Q , t±] c T 
O B ( I I I , 2 2 2 2 ) 
O b s e r v a b l e 
n o r m a l s t a t e 
i n E 
a x e E — o O B ( I I I , 3) S t r o n g l y o b s e r ­
v a b l e s t a t e 
a t t 
o 
O B ( I I I , 3 3 ) 
S t r o n g l y o b s e r ­
v a b l e s t a t e 
O B ( I I I , 3 3 3 ) 
S t r o n g l y o b s e r ­
v a b l e s t a t e f o r 
a l l [ t , t j c T o 1 
O B ( I I I , 3 3 3 3 ) 
O b s e r v a b l e 
n o r m a l s t a t e 
APPENDIX 3 
( C o n t i n u e d ) 
Observed V a r i a b l e 
y j [ t c , t ] ] i 
j = 1 , 2 , . . . , p 
Time 
I d e n t i -
f i e d V a r i a b l e 
V t , t n e T o 1 V t eT, 3 t , e T o ' 1 V t Q , t x e T V ( t , x ) e T x T 
V x . e £ . 
IO 1 
i = 1 ,2 , . . . , n 
O B ( I I I , 4) 
S t r o n g l y i - t h 
s t a t e o b s e r v a ­
b l e sys tem a t t 
* o 
O B ( I I I , 44) 
S t r o n g l y com­
p l e t e l y i - t h 
s t a t e o b s e r v a ­
b l e s y s t e m 
O B ( I I I , 444) 
S t r o n g l y 
t o t a l l y i - t h 
s t a t e o b s e r v a ­
b l e s y s t e m 
O B ( I I I , 4444) 
i - t h s t a t e o b ­
s e r v a b l e no rma l 
s y s t e m 
Vx e 2 —o 
Z c Z 
O B ( I I I , 5) 
S t r o n g l y o b ­
s e r v a b l e sys tem 
i n £ a t t 
o 
O B ( I I I , 55) 
S t r o n g l y com­
p l e t e l y o b s e r ­
v a b l e s y s t e m 
i n Z 
O B ( I I I , 555) 
S t r o n g l y 
t o t a l l y o b s e r ­
v a b l e s y s t e m 
i n Z 
O B ( I I I , 5555) 
O b s e r v a b l e 
n o r m a l s y s t e m 
i n Z 
V x e Z —o O B ( I I I , 6) S t r o n g l y o b ­
s e r v a b l e sys tem 
a t t 
o 
O B ( I I I , 66) 
S t r o n g l y com­
p l e t e l y o b s e r ­
v a b l e s y s t e m 
O B ( I I I , 666) 
S t r o n g l y 
t o t a l l y o b s e r ­
v a b l e s y s t e m 
O B ( I I I , 6666) 
O b s e r v a b l e 
n o r m a l s y s t e m 
APPENDIX 4 
STRUCTURAL LISTING OF STATE INVARIANCE CONCEPTS 
I n p u t = 1,2, . . . , r 
Time 
I n v a r i a n t ^ — 
Q u a n t i t y 
a t , t - e T o 1 V t eT, 3 t - e T o 1 V t , t , eT o 1 V ( t , x ) e T x T 
x . ( t ) e E . , 1 1 s i ( i , l ) s i ( i , i l ) S I ( I , 111) S I ( I , 1111) S e l e c t i v e l y S e l e c t i v e l y S e l e c t i v e l y S e l e c t i v e l y 
i = 1,2, . . . , n i n v a r i a n t i - t h i n v a r i a n t i - t h i n v a r i a n t i - t h u n i f o r m l y i n ­
s t a t e component s t a t e component s t a t e component v a r i a n t i = t h 
a x . e E. 
IO 1 
a t t 
o 
f o r a l l 
[ t , t ] c T o 1 
s t a t e component 
Sc(t) e E, E c E S K I , 2) S I ( I , 22) S I ( I , 222) S I ( I , 2222) 
S e l e c t i v e l y S e l e c t i v e l y S e l e c t i v e l y s t a t e S e l e c t i v e l y 
a x e E —o i n v a r i a n t s t a t e i n v a r i a n t s t a t e i n v a r i a n t s y s t e m u n i f o r m l y i n ­i n E a t t i n E i n E f o r a l l v a r i a n t s t a t e 
o [ t Q , t x ] c T i n E 
x ( t ) e E S I ( I , 3) S I ( I , 33) S I ( I , 333) S I ( I , 3333) 
S e l e c t i v e l y S e l e c t i v e l y S e l e c t i v e l y S e l e c t i v e l y 
a x e E i n v a r i a n t s t a t e i n v a r i a n t s t a t e i n v a r i a n t s t a t e u n i f o r m l y i n ­
o a t t 
o 
f o r a l l 
[ t Q , t±] c T 
v a r i a n t s t a t e 
APPENDIX 4 
( C o n t i n u e d ) 
I n p u t 
u 3 t V v 3 i 
— 1 , 2 , . . . , r 
^ ^ ^ ^ Time 
I n v a r i a n t a t , t l £ T 
o 1 
V t eT, 3 t l £ T o 1 V t , t , e T o 1 V ( t , x ) e T x T 
Q u a n t i t y 
x . ( t ) e Z . , S I ( I , 4 ) S I ( I , 4 4 ) S I ( I , 4 4 4 ) S I ( I , 4 4 4 4 ) 
S e l e c t i v e l y i - t h S e l e c t i v e l y com­ S e l e c t i v e l y S e l e c t i v e l y u n i ­
i = 1 , 2 , . . . , n s t a t e - i n v a r i a n t p l e t e l y i - t h t o t a l l y i - t h fo rmly i - t h 
s y s t e m a t t ^ s t a t e - i n v a r i a n t s t a t e i n v a r i a n t s t a t e i n v a r i a n t 
V x . e Z. 
10 1 
s y s t e m s y s t e m s y s t e m 
x ( t ) e Z, Z c Z S I ( I , 5) S K I , 5 5 ) S I ( I , 5 5 5 ) S I ( I , 5 5 5 5 ) 
S e l e c t i v e l y S e l e c t i v e l y com­ S e l e c t i v e l y S e l e c t i v e l y u n i ­
Vx e Z s t a t e - i n v a r i a n t p l e t e l y s t a t e - t o t a l l y s t a t e - fo rmly s t a t e -
s y s t e m i n Z a t t i n v a r i a n t i n v a r i a n t i n v a r i a n t 
o s y s t e m i n Z s y s t e m i n Z s y s t e m i n Z 
x ( t ) e Z S I ( I , 6 ) S I ( I , 6 6 ) S I ( I , 6 6 6 ) S I ( I , 6 6 6 6 ) 
S e l e c t i v e l y S e l e c t i v e l y com­ S e l e c t i v e l y S e l e c t i v e l y u n i ­
VXQ £ Z s t a t e - i n v a r i a n t p l e t e l y s t a t e - t o t a l l y i n v a r i ­ fo rmly s t a t e -s y s t e m a t t 
o 
i n v a r i a n t a n t s y s t e m i n v a r i a n t 
s y s t e m s y s t e m 
APPENDIX 4 
( C o n t i n u e d ) 
I n p u t 
^ ^ ^ ^ Time 
I n v a r i a n t ^^^v^^ 
Q u a n t i t y ' — ^ 
ato, t ^ E T V t Q £ T , a t ^ T V t Q , t l E T V ( t , x ) E T x T 
x . ( t ) £ Z . , 1 1 
i = 1,2, . . . , n 
a x . e z . 
IO i 
S I ( I I , 1) 
I n v a r i a n t i - t h 
s t a t e component 
a t t 
o 
S I ( I I , 11) 
I n v a r i a n t i - t h 
s t a t e component 
S I ( I I , 111) 
I n v a r i a n t i - t h 
s t a t e component 
f o r a l l 
[ t Q , t x ] c T 
S I ( I I , 1111) 
I n v a r i a n t i - t h 
p r o p e r s t a t e 
x ( t ) E Z, Z c Z 
a x £ z 
—o 
S I ( I I , 2) 
I n v a r i a n t 
s t a t e i n Z 
a t t 
o 
S I ( I I , 22) 
I n v a r i a n t 
s t a t e i n Z 
S I ( I I , 222) 
I n v a r i a n t ^ 
s t a t e i n Z 
f o r a l l 
[ t Q , t x ] c T, 
1 < k < n 
S I ( I I , 2222) 
I n v a r i a n t p r o p e r 
s t a t e i n Z 
X . ( t) £ Z 
a x E z 
—o 
S I ( I I , 3) 
I n v a r i a n t 
s t a t e a t t 
0 
S I ( I I , 33) 
I n v a r i a n t 
s t a t e 
S I ( I I , 333) 
I n v a r i a n t 
s t a t e f o r a l l 
[ t o , c T 
S I ( I I , 3333) 
I n v a r i a n t p r o p e r 





Invariant ^ ^ ^ ^ 
Quantity 
a t o , t L E T Vt ET , at.eT o 1 Vt o, t l£T V(t,x)£TxT 
x. (t) e Z ., 
1 1 
i = 1 , 2 , ...,n 
v io i 
SI(II, 4 ) 
i-th state 
invariant 
system at t 
o 












X(t) E Z, Z c 2 
Vx £ Z 
—o 
SI(II, 5 ) 
State invariant 
system in Z 
at t 
o 
SI(II, 5 5 ) 
Completely 
state-invariant 
system in Z 




system in Z 




X(t) £ Z 
w X £ Z 
SI(II, 6 ) 
State-invariant 
system at t J o 
SI(II, 6 6 ) 
State-invariant 
system 








( C o n t i n u e d ) 
I n p u t 
Time 
I n v a r i a n t 
Q u a n t i t y 
u . r . Vj = 1 , 2 , . . . , r 
a t , t - e T 
o 1 V t eT , a t . e T o ' 1 V t , t , e T o 1 V ( t , x ) e T x T 
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VITA 
P r a n a s Zunde s t u d i e d m e c h a n i c a l e n g i n e e r i n g a t t h e U n i v e r s i t y of 
of K a u n a s , L i t h u a n i a , i n 1 9 4 0 - 1 9 4 4 , and l a t e r , i n 1 9 4 6 - 1 9 4 7 , a t t h e I n -
s t u t e of Technology i n Hanover , West Germany, from which h e g r a d u a t e d 
w i t h t h e M a s t e r ' s Degree i n M e c h a n i c a l E n g i n e e r i n g . 
Dur ing 1948-1960 h e h e l d v a r i o u s a d m i n i s t r a t i v e p o s i t i o n s w i t h 
t h e U n i t e d N a t i o n s and o t h e r a g e n c i e s , and a l s o worked a s a c o n s u l t a n t 
t o v a r i o u s companies i n W e s t e r n E u r o p e . R e s i d e n t of t h e U n i t e d S t a t e s 
s i n c e 1 9 5 9 , h e worked f o r L e a s c o Sys tems and R e s e a r c h Company i n B e t h e s -
d a , M a r y l a n d , t i l l 1 9 6 5 . I n 1 9 6 3 - 1 9 6 5 , h e s t u d i e d a t t h e George Wash ing ­
t o n U n i v e r s i t y i n W a s h i n g t o n , D . C . , and g r a d u a t e d w i t h a M a s t e r ' s Degree 
i n E n g i n e e r i n g S c i e n c e . 
I n f a l l , 1 9 6 5 , P r a n a s Zunde a c c e p t e d t h e p o s i t i o n of a s e n i o r r e ­
s e a r c h s c i e n t i s t a t t h e G e o r g i a I n s t i t u t e of Technology and a t t h e same 
t i m e e n t e r e d t h e P h . D . program i n i n d u s t r i a l e n g i n e e r i n g . He comple t ed 
t h e d e g r e e r e q u i r e m e n t s i n t h e summer of 1 9 6 8 . 
